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INTRODUCTION

In 1963 P. Cohen established various fundamental independence results in set theory
using a new technique which he called forcing. Since then there has been a deluge of
new results of various kinds in set theory, proved using forcing techniques. It is a
powerful method. It is, however, a method which is not as easy to interpret intuitively as
the corresponding method of Godel which establishes consistency results. Godel defines
an intuitively meaningful transfinite sequence of (domains of) classical models M,
defines the class L to be the union of the M, over all ordinals o, and shows L is a
classical model for set theory [4; see also 3]. He then shows the axiom of
constructability, the generalized continuum hypothesis, and the axiom of choice are true
over L, establishing consistency.

In this book we define transfinite sequences of S. Kripke’s intuitionistic models [13]
in a manner exactly analogous to that of Gddel in the classical case (in fact, the M,
sequence is a particular example). In a reasonable way we define a “class” model for
each sequence, which is to be a limit model over all ordinals. We show all the axioms of
set theory are intuitionistically valid in the class models. Finally we show there are
particular such sequences which provide: a class model in which the negation of the
axiom of choice is intuitionistically valid; a class model in which the axiom of choice
and the negation of the continuum hypothesis are intuitionistically valid; a class model
in which the axiom of choice, the generalized continuum hypothesis, and the negation
of the axiom of '* constructability are intuitionistically valid. From this the classical
independence results are shown to follow.

The definition of the sequences of intuitionistic models will be seen to be essentially
the same as the definition of forcing in [3]. The difference is in the point of view. In
Cohen’s book one begins with a set M which is a countable model for set theory and,
using forcing, one constructs a second countable model N “on top of” M. Forcing
enables one to “discuss” N in M even though N is not a sub-model of M. Various such N
are constructed for the different independence results. Cohen points out [3, pp. 147,

148] that actually the proofs can be carried out without the need for a countable model,
and without constructing any classical models; this is the point of view we take. It is the
forcing relation itself that the center of attention [see 3, page 147], though now it has an
intuitive interpretation.

A similar program has been carried out by Vopénka and others. [See the series of
papers 22, 23, 24,27, 6, 25,7, 8, 26, 28]. The primary difference is that these use
topological intuitionistic model theory while we use Kripke’s, which is much closer in
form to forcing. Also the Vopénka series uses Godel-Bernays set theory and generalizes
the F, sequence, while we use Zermelo-Fraenkel set theory and generalize the M,,
sequence. The Vopénka treatment involves substantial topological considerations which
we replace by more “logical” ones.

This book is divided into two parts. In part I we present a thorough treatment of the
Kripke intuitionistic model theory. Part II consists of the set theory work discussed
above.

Most of the material in Part I is not original but it is collected together and unified for
the first time. The treatment is self-contained. Kripke models are defined (in notation
different from that of Kripke). Tableau proof systems are defined using signed formulas
(due to R. Smullyan), a device which simplifies the treatment. Three completeness
proofs are presented (one for an axiom system, two for tableau systems), one due to
Kripke [13], one due independently to R. Thomason [21] and the author, and one due to
the author. We present proofs of compactness and Lowenheim-Skolem theorems.
Adapting a method of Cohen, we establish a few connections between classical and
intuitionistic logic. In the propositional case we give the relationship between Kripke



models and algebraic ones [16] (which provides a fourth completeness proof in the '°
propositional case). Finally we present Schiitte’s proof of the intuitionistic Craig
interpolation lemma [17], adapted to Kleene’s tableau system G3 as modified by the use
of signed formulas. No attempt is made to use methods of proof acceptable to
intuitionists.

Chapter 7 begins part II. In it we define the notion of an intuitionistic
Zermelo-Fraenkel (ZF) model, and the intuitionistic generalization of the Godel M,
sequence. Most of the chapter is devoted to showing the class models resulting from the
sequences of intuitionistic models are intuitionistic ZF models. This result is
demonstrated in rather complete detail, especially sections 8 through 13, not because the
work is particularly difficult, but because such models are comparatively unfamiliar.

In chapter 8 the independence of the axiom of choice is shown.

In chapter 9 we show how ordinals and cardinals may be represented in the
intuitionistic models, and establish when such representatives exist.

Chapter 10 establishes the independence of the continuum hypothesis.

In Chapter 11 we give a way to represent constructable sets in the intuitionistic
models, and establish when such representatives exist.

Chapter 12 establishes the independence of the axiom of constructability.

Chapter 13 is a collection of various results. We establish a connection between the
sequences of intuitionistic models and the classical M, sequence. We give some
conditions under which the axiom of choice and the generalized continuum hypothesis
will be valid in the intuitionistic class models (thus completing chapters 10 and 12).
Finally we present Vopénka’s method for producing classical non-standard set theory
models from the intuitionistic class models without countability requirements [26].

The set theory work to this point is self-contained, given a knowledge of the Godel
consistency proof ([4], in more detail [3]).

In chapter 14 we present Scott and Solovay’s notion of boolean valued models for set
theory [19]. We define an intuitionistic (or forcing) generalization of the R, sequence
(sets with rank) analogous to the Cohen generalization of the M, sequence, and we
establislllgsome connections between intuitionistic and boolean valued models for set
theory.















PART I-LOGIC

CHAPTER I

PROPOSITIONAL INTUITIONISTIC LOGIC
SEMANTICS

§ 1. Formulas

We begin with a denumberable set of propositional variables 4, B, C, three binary
connectives A, v, —>, and one unary connective ~, together with left and right
parentheses (, ). We shall informally use square and curly brackets [, |, {, } for
parentheses, to make reading simpler. The notion of well formed formula, or simply
formula, is given recursively by the following rules:

FO. If 4 is a propositional variable, 4 is a formula.
Fl. If X is a formula, so is ~X.
F2, 3, 4. If X and Y are formulas, so are (X A ¥), (X vY), (X —= 7).

Remark 1.1: 4 propositional variable will sometimes be called an atomic formula.

It can be shown that the formation of a formula is unique. That is, for any given
formula X, one and only one of the following can hold:

(1). X is 4 for some propositional variable 4.

(2). There is a unique formula Y such that X is ~Y.

(3). There is a unique pair of formulas Y and Z and a unique binary connective b (A,
v or —) such that X is (Y b Z). We make use of this uniqueness of decomposition but do
not prove it here.
We shall omit writing outer parentheses in a formula when no confusion 2° can result.
Until otherwise stated, we shall use 4, B and C for propositional variables, and X, ¥ and
Z to represent any formula.

The notion of immediate subformula is given by the following rules:

10. 4 has no immediate subformula.

I1. ~X has exactly one immediate subformula: X.

12,3,4. (XA Y),(XVvY),(X—7Y)each has exactly two immediate subformulas: X
and Y.

The notion of subformula is defined as follows:

S0. X'is a subformula of X.

S1. If X is an immediate subformula of Y, then X is a subformula of Y.

S2. If X is a subformula of Y and Y is a subformula of Z, then X is a subformula of Z.

By the degree of a formula is meant the number of occurrences of logical
connectives (~, A, v, —) in the formula.

§ 2. Models and validity

By a (propositional intuitionistic) model we mean an ordered triple <G, R, |= >,
where G is a non-empty set, & is a transitive, reflexive relation on &G, and |=
(conveniently read “forces™) is a relation between elements of G and formulas,
satisfying the following conditions:

Forany I'E G



PO. If I'|= A and I'’RA then A |= 4 (recall 4 is atomic).

P1. T'|= (X A Y)iff I'|= X and I'|- Y.

P2. I'|= (X v Y)iff |- Xor T'|- Y.

P3. I'|= ~X iff for all A € G'such that TRA, A=| X.

P4. I'|= (X — Y) iff for all A € G'such that I'RA, if A|= X, then A |= Y.

Remark 2.1: For '€ G, by I'* we shall mean any A € G 'such that I"’ZA. Thus “for
all I'*, ¢(I'*)” shall mean “for all A € G'such that ['RA, ¢(A)”; and “there is a I'* such
that ¢(I'*)” shall mean “there is a A € G'such that I'RA and ¢(A)”. Thus P3 and P4 can
be written more simply as:

P3. I'|= ~X iff for all I'**, I'* =| X.

P4. I'l= (X — Y) iff for all I'*, if I'* |= X, then I'™* |= Y.

A particular formula X is called valid in the model <G, R, |=>if forall T€ G, I'|=
X. X is called valid if X is valid in all models. We will show ' later that the collection of
all valid formulas coincides with the usual collection of propositional intuitionistic logic
theorems.

When it is necessary to distinguish between validity in this sense and the more usual
notion, we shall refer to the validity defined above as intuitionistic validity, and the
usual notion as classical validity. This notion of an intuitionistic model is due to Saul
Kripke, and is presented, in different notation, in [13]. See also [18]. Examples of
models will be found in section 5, chapter 2.

§ 3. Motivation

Let <G, R, |=>be amodel. Gis intended to be a collection of possible universes, or
more properly, states of knowledge. Thus a particular I'in G'may be considered as a
collection of (physical) facts known at a particular time. The relation Z represents
(possible) time succession. That is, given two states of knowledge I'and A of G; to say
I'RA is to say: if we now know T, it is possible that later we will know A. Finally, to
say I'|= X is to say: knowing I', we know X, or: from the collection of facts I', we may
deduce the truth of X.

Under this interpretation condition P3 of the last section, for example, may be
interpreted as follows: from the facts I"'we may conclude ~X if and only if from no
possible additional facts can we conclude X.

We might remark that under this interpretation it would seem reasonable that if I"|=
Xand I''RA, then A |: X, that is, if from a certain amount of information we can deduce
X, given additional information, we still can deduce X, or if at some time we know X is
true, at any later time we still know X is true. We have required that this holds only for
the case that X is atomic, but the other cases follow.

For other interpretations of this modeling, see the original paper [13]. For a different
but closely related model theory in terms of forcing see [5].

§ 4. Some properties of models
Lemma 4.1: Let <G, R |=>and <G, R, |="> be two models such that for any

atomic formula 4 and any I'E G, I'|= A iff I'|=" 4. Then |=and |=" are identical. *
Proof: We must show that for any formula X,



IN=XerT]=X

This is done by induction on the degree of X and is straightforward. We present one
case as an example.
Suppose X is ~Y and the result is known for all formulas of degree less than that of X

(in particular for ¥). We show it for X:

I'|=X < I'|=~Y (by definition)
< (YI*) (I'* =| Y) (by hypothesis)
<« (VI*) (I'* =" Y) (by definition)
< T|=~Y
< T=X

Lemma 4.2: Let G'be a non-empty set and A be a transitive, reflexive relation on G.
Suppose |= is a relation between elements of G'and afomic formulas. Then |= can be
extended to a relation |=> between elements of G and @/l formulas in such a way that
<G, R, [=>is a model.

Proof: We define |=" as follows:

(0). if I'|= A then I'* |=" 4,

).TFE XAYif'= Xand T'|= Y,

Q.TF Xv)ifl'= Xor 'Y,

(3). I'= ~Xifforall I'* I'*=|" X,

@. T (X—=Y)ifforall I'* if I'*|=> X, then I'*|=" Y.

This is an inductive definition, the induction being on the degree of the formula. It is
straightforward to show that <G, R, |="> is a model.

From lemmas 4.1 and 4.2 we immediately have

Theorem 4.3: Let G'be a non-empty set and be R a transitive, reflexive relation on

G. Suppose |= is a relation between elements of G and atomic formulas. Then |= can be
extended in one and only one way to a relation, also denoted by |=, between elements of
Gand formulas, such that <G, &, |= > is a model.

Theorem 4.4: Let <G, R, |=>be a model, X a formula and T, A € G If I'|= X and
T'RA, then A |= X.

Proof: A straightforward induction on the degree of X (it is known already for X
atomic). For example, suppose the result is known for X, and I"|= ~X. By definition, for
all I'*, I =| X. But I'RA and Zis transitive so any Z&-successor of A is an Z-successor
of I'. Hence for all A*, A*=| X, so A |= ~X. The other cases are similar. >’

§ 5. Algebraic models

In addition to the Kripke intuitionistic semantics presented above, there is an older
algebraic semantics: that of pseudo-boolean algebras. In this section we state the
algebraic semantics, and in the next we prove its equivalence with Kripke’s semantics.
A thorough treatment of pseudoboolean algebras may be found in [16].

Definition 5.1: A pseudo-boolean algebra (PBA) is a pair <2, <> where Fis a
non-empty set and < is a partial ordering relation on Z'such that for any two elements a
and b of B

(1). the least upper bound (a U b) exists.



(2). the greatest lower bound (a N b) exists.

(3). the pseudo complement of « relative to b (a = b), defined to be the largest x € &
such that a N x < b, exists.

(4). a least element A exists.

Remark 5.2: In the context = is a mathematical symbol, not a metamathematical
one.

Let—abea= A and v be —A.

Definition 5.3: h is called a homomorphism (from the set W of formulas to the PBA
<P, =>)if h: W—ZFBand

(1). h(X A ¥) = h(X) OV (D),

). h(X v ¥) = h(X) U h(Y),

(3)- h(=X) = —h(X),

(4. WX = Y) = h(X) = h(Y).

If <2, <> is a PBA and % is a homomorphism, the triple <2, <, &> is called an
(algebraic) model for the set of formulas W. If X is a formula, X is called
(algebraically) valid in the model <5, <, h> if h(X) = v. X is called (algebraically)

valid if X is valid in every model.
A proof may be found in [16] that the collection of all algebraically valid formulas
coincides with the usual collection of intuitionistic theorems.

§ 6. Equivalence of algebraic and Kripke validity

First let us suppose we have a Kripke model <G, 2, |= > (we will not use the name
“Kripke model” beyond this section). We will define an algebraic ** model <2, <, i>
such that for any formula X

hX)=v iffforall F'E G, I'|=X.
Remark 6.1: The following proof is based on exercise LXXXVI of [2].

Definition 6.1: If b C G, we call b Z-closed if whenever I'€ b and I'RA, then A € b.

We take for Bthe collection of all R-closed subsets of G. For the ordering relation <
we take set inclusion C. Finally we define / by

hX)={F'E€ G |T|-X}.

It is fairly straightforward to show that <2, <> is a PBA. Of the four required
properties, the first two are left to the reader. We now show:

Ifa, b € B, there is a largest x € Bsuch thata N x < b.

We first note that the operations U and N are just the ordinary union and intersection.
Now let p be the largest Z-closed subset of (G = a) U b (where by + we mean ordinary
set complementation). We will show that for all x € &

x=spiffaNx=<b,
which suffices.

Suppose x =< p. Then



xC(G+a)Ub,
aNxCan[(G+a)Ub],
aNxCaNnb,
aNxCh,
aNx=<b.

Conversely suppose @ N x < b. Then

@anNx)Ux+a)CSbU (a+x)

xCbhU(a+x)

xChU(G+a)
but x € 2B so x is R-closed. Hence

xCp,

X <p.

The reader may verify that & € Fand is a least element.
Next we remark that / is a homomorphism. We demonstrate only one of the four
cases, case (4). Thus we must show that A(X — Y) is the largest > x € Zsuch that

h(X) N x < h(Y).
First we show
hX) N (X — 1) < h(Y),
that is
{[|Tl=x} NN T X~ 1y C (I T 1,
But it is clear from the definition that
if [|=Xand I''=X — Y, then I'|=Y.

Next suppose there is some b € Fsuch that 4(X) N b < h(Y) but A(X — Y) <b. Then
there must be some I'E G'such that FTE bbut I'¢ h(X — ), i.e. F:\ X—Y. Since I
=| X — Y, there must be some I™such that ™= X but I'*=| Y. Since b is ZR-closed, I™* €
b. But also I'* € h(X), so I'* € h(X) N b, and so by assumption I'* € i(Y), that is I'™*
|=Y, a contradiction. Thus A(X — Y) is largest.

Thus <Z. =, h> is an algebraic model. We leave it to the reader to verify that the unit
element v of Fis Gitself. Hence

h(X)= v iff forall '€ G, T'|=X.

Conversely, suppose we have an algebraic model <2, <, #>. We will define a Kripke
model <G, R, |=> so that for any formula X



hX)=v iffforall F'E G, I'|=X.

Lemma 6.2: Let _Fbe a filter in B and suppose (¢ = b) & ¥ Then the filter
generated by _#and a does not contain b.

Proof: If the filter generated by _#and a contained b, then ([16] p. 46, 8.2) for some ¢
€ F cNasb. Soc=(a= b)andhence (a = b) € Fby [16], p. 46, 8.2 again.

Lemma 6.3: Let #be a proper filter in Zand suppose —a & _F Then the filter

generated by _Fand a is also proper.
Proof: By lemma 6.2, since —a = (a = A).

Lemma 6.4: Let _Fbe a filter in Zand suppose a & _#. Then _Fcan be extended to a
prime filter Zsuch that a & 2

Proof: (This is a slight modification of [16], p. 49, 9.2, included for completeness.)
Let O be the collection of all filters in Znot containing a. O is partially ordered by C. O
is non-empty since FE 0. ** Any chain in O has an upper bound since the union of any
chain of filters is a filter. So by Zorn’s lemma O contains a maximal element P. Of
course a & 2. We need only show Z’is prime.

Suppose Zis not prime. Then for some a;, a, € B

aVUanEPaEPa P

Let $; be the filter generated by Zand ay, and 5, be the filter generated by Zand a,.

Suppose a € Sjand a € 5. Then [16, p. 46, 8.2] for some ¢, ¢2 € 2, a; N ¢; < a and
axNcy=a.Soforc=ciNey,aNe=<aanda; Ne=<a,hence (@ Uay) Ne=a. Butce
€ Pand (a1 Ua) € BPsoa€ P Buta P soeithera & Sjora & 5.

Suppose @ & Si. By definition .$§; € O. But 5 is the filter generated by Zand aj,
hence ZZC ;. So Zis not maximal, a contradiction. Similarly if @ & 5. Thus 2 is
prime.

Now we proceed with the main result. Recall that we have <2, <, i>. Let G be the
collection of all proper prime filters in 2. Let & be set inclusion C. For any I" € G and
any formula X, let I')= X if h(X) € I

To show the resulting structure <&, &, |= > is a model, we note property PO is
immediate. To show P1:

I'=XAY)iffhXAY)ETD
iffAX)yNKET
iff A(X)E 'and (Y)E T
iff T=Xand I'|=Y

(using the facts that / is a homomorphism and I'is a filter). Similarly we show P2 using
the fact that I"is prime. To show P3:

Suppose I'|= ~X. Then h(~X) € I'so

(VAE G) (I'C Aimplies h(~X) € A),
(VAE G) (I"C Aimplies i(X) & A),



(YA E G) (I'RAimplies A=| X),

i.e. for all I'*, I'* =| X (using the fact that #(~X) € A and A(X) € A imply —h(X) N A(X)
€ A, so A € Aand A is not proper).

Suppose I' =| ~X. Then h(~X) & T, or —h(X) & I By lemma 6.3 the filter generated
by I'and h(X) is proper. By lemma 6.4 this filter can be »’ extended to a proper prime
filter A. Then I'C A and h(X) € A. So (34 € G)(I'RA and A |= X), i.e. for some I'**, I'*
= x.

P4 is shown in the same way, but using lemma 6.2 instead of lemma 6.3. Thus <G,
R, |=> is a model.

Finally, to establish the desired equivalence, suppose first 2(X) = v. Since v is an
element of every filter, for all '€ &, I'|= X. Conversely suppose A(X) = v. But {v} isa
filter and 4(X) &{v}. By lemma 6.4 we can extend {Vv} to a proper prime filter I"such
that A(X) € I'. Thus '€ G'and I' =| X.

Thus we have shown

Theorem 6.5: X is Kripke valid if and only if X is algebraically valid. **



CHAPTER 2

PROPOSITIONAL INTUITIONISTIC LOGIC
PROOF THEORY

§ 1. Beth tableaus

In this section we present a modified version of a proof system due originally to Beth. It
is based on [2, § 145], but at the suggestion of R. Smullyan, we have introduced signed
formulas and single trees in place of the unsigned formulas and dual trees of Beth.

By a signed formula we mean TX or FX where X is a formula. If §'is a set of signed
formulas and H is a single signed formula, we will write § U{H} simply as {S, H} or
sometimes S, H.

First we state the reduction rules, then we describe their use; .S is any set (possibly
empty) of signed formulas, and X and Y are any formulas:

S, T(XAY) S, F(XAY)
Tn: ———— Frny —MM
S, IX, TY S, FX|S, FY
S, T(Xv7Y) S, F(Xv7Y)
Tv: ——— Fv: ———
S, TX|S, TY S, FX FY
S, T(=X) S, F(=X)
I — - —
S, FX Sr, TX
S, T(X—7Y) S, F(X—Y)
- — F- —
S, FX|S TY Sy, TX, FY

In rules F~ and F— above, St means {7X | X € S}. B
Remark 1.1: 8 is a set, and hence {S, TX} is the same as {S, TX, TX}. Thus duplication
and elimination rules are not necessary.

If U is a set of signed formulas, we say one of the above rules, call it rule R, applies to U
if by appropriate choice of S, X and Y the collection of signed formulas above the line in
rule R becomes U.

By an application of rule R to the set U we mean the replacement of U by U, (or by U,
and U, if R is FA, Tv or T—) where U is the set of formulas above the line in rule R (after
suitable substitution for §, X and Y) and U, (or U,, U, is the set of formulas below. This
assumes R applies to U. Otherwise the result is again U. For example, by applying rule F—
to the set {TX, FY, F(Z —W)} we may get the set {TX, TZ, FW}. By applying rule Tv to the
set {TX, FY, T(Z v W)} we may get the two sets {TX, FY, TZ} and {TX, FY, TW}.



By a configuration Cwe mean a finite collection {S, S, ..., S,} of sets of signed
formulas.

By an application of the rule R to the configuration {S,, S, ..., S,} we mean the
replacement of this configuration with a new one which is like the first except for
containing instead of some .S; the result (or results) of applying rule R to S..

By a tableau we mean a finite sequence of configurations C, Cs, ..., C, in which each
configuration except the first is the result of applying one of the above rules to the
preceding configuration.

A set S of signed formulas is closed if it contains both 7X and FX for some formula X. A
configuration {S1, S, ..., S,} is closed if each §, in it is closed. A tableau (i, G, ..., G, is
closed if some (;in it is closed.

By a tableau for a set S of signed formulas we mean a tableau (;, G, ..., (,, in which
(i is {S}. A finite set of signed formulas S is inconsistent if some tableau for S is closed.
Otherwise S is consistent.

X is a theorem if {FX} is inconsistent, and a closed tableau for {FX} is called a proof of
X. If X is a theorem we write F— X.

We will show in the next few sections the correctness and completeness of the above
system relative to the semantics of ch. 1.

Examples of proofs in this system may be found in § 5.

The corresponding classical tableau system is like the above, but in rules /'~ and F—, St
is replaced by S (see [20]). The interpretations of the classical and intuitionistic systems are
different.

In the classical system 7.X and FX mean X is true and X is false respectively. The rules
may be read: if the situation above the line is the case, the situation below the line is also
(or one of them is, if the rule is disjunctive: FA, Tv, T—). Thus 7.X means the same as X,
and FX means ~X. Classically the signs 7 and F are dispensable. Proof is a refutation
procedure. Suppose X is not true (begin a tableau with F.X). Conclude that some formula
must be both true and not true (a closed configuration is reached). Since this can not
happen, X is true.

In the intuitionistic case TX is to mean X is known to be true (X is proven). FX is to
mean X is not known to be true (X has not been proved). The rules are to be read: if the
situation above the line is the case, then the situation below the line is possible, i.e.
compatible with our present knowledge (if the rule is disjunctive, one of the situations
below the line must be possible). For example consider rule F—. If we have not proved X
— 7Y, it is possible to prove X without proving Y, for if this were not possible, a proof of ¥
would be “inherent” in a proof of X, and this fact would constitute a proof of X — Y. But
we have S7 below the line in this rule and not .S because in proving X we might
inadvertently verify some additional previously unproven formula (some FZ € .S might
become 77). Similarly for F'~. The proof procedure is again by refutation. Suppose X is not
proven (begin a tableau with FX). Conclude that it is possible that some formula is both
proven and not proven. Since this is impossible, X is proven.

We have presented this system in a very formal fashion because it makes talking about it
easier. In practice there are many simplifications which will become obvious in any attempt
to use the method. Also, proofs may be written in a tree form. We find the resulting
simplified system the easiest to use of all the intuitionistic proof systems, except in some
cases, the system resulting by the same simplifications from the closely, related one



presented in ch. 6 § 4. A full treatment of the corresponding classical tableau system, with
practical simplifications, may be found in [20].

§ 2. Correctness of Beth tableaus
Definition 2.1: We call a set of signed formulas

(TXy, ..., TX,, FYy,.., FY,} *!



realizable if there is some model <G, &, |=>and some '€ G'such that I'|= X, ...,
=X, I'=| Y, ..., T=| Y, We say that I"realizes the set.
If {S1, >, ..., S,} is a configuration, we call it realizable if some S, in it is realizable.

Theorem 2.2: Let (5, (, ..., C, be a tableau. If (;is realizable, so is Gii.

Proof: We have eight cases, depending on the rule whose application produced (i
from (.

Case (1): Gis {..., {S, T(X v Y)},..} and (i, is {..., {S, TX}, {S, TY}, ... }. Since
(i is realizable, some element of it is realizable. If that element is not {S, T(X v Y)}, the
same element of (.. is realizable. If that element is {S, 7(X v Y)}, then for some
model <G, R, |=> and some I'E G, I'realizes {S, T(X v Y)}. That is, I"realizes S and
T'l=(Xv Y). Then I'|= X or I'|=Y, so either I'realizes {S, TX} or {S, TY}. In either case
Gy is realizable.

Case (2): Gis {..., {S, F(~X)}, ..} and (. is {...,{ST, TX},...}. (is realizable, and
it suffices to consider the case that {S, F(~X)} is the realizable element. Then there is a
model <G, R, |=>and a I'E G'such that I'realizes S and I'=| ~X. Since I" =| ~X, for
some I'* € G, I'* |= X. But clearly, if I"realizes S, I'* realizes St (by theorem 1.4.4).
Hence I'* realizes {St, TX} and (i is realizable.

The other six cases are similar.

Corollary 2.3: The system of Beth tableaus is correct, that is, if |— 1 X, Xis valid.

Proof: We show the contrapositive. Suppose X is not valid. Then there is a model
<G, R, |=>and a I'€ G'such that I'=| X. In other words {FX} is realizable. But a proof
of X would be a closed tableau (i, G,..., C, in which ( is {{FX}}. But i is
realizable, hence each ( is realizable. But obviously a realizable configuration cannot
be closed. Hence —| 1 X.

§ 3. Hintikka collections

In classical logic a set S of signed formulas is sometimes called downward saturated,
or a Hintikka set, if

TXAYES=TXESand TYE S,
FXVYES=FXESand FYES,*?
TXVYES=TXESorTYES,
FXAnYES=FXESorFYES,
T-XES=FXES,
TX>YES=FXESorTYES,
F-XES=TXES,
FX—=YES=TXESand FYES.

Remark 3.1: The names Hintikka set and downward saturated set were given by
Smullyan [20]. Hintikka, their originator, called them model sets.

Hintikka showed that any consistent downward saturated set could be included in a
set for which the above properties hold with =replaced by <. From this follows the
completeness of certain classical tableau systems. This approach is thoroughly
developed by Smullyan in [20].



We now introduce a corresponding notion in intuitionistic logic, which we call a
Hintikka collection. While its intuitive appeal may not be as immediate as in the
classical case, its usefulness is as great.

Definition 3.2: Let G be a collection of consistent sets of signed formulas. We call G’
a Hintikka collection if for any I'€ G

TXanYel'=TXeTland TYET,
FXvYel'=sFX&Tland FYET,
IXvYyelr=sTxXerlorlYel,
FXnYeETl'=FXeTlorFYET,
T-XE=FXET,
TX =Yel'=sFXelorTYET,
F~XelI'=forsome AEG, I7C Aand TXE A,
FX—-YETI=forsome AEG I;CAand TYEA FYEA.

Definition 3.3: Let G'be a Hintikka collection. We call <G, &, |= > a model for G'if
(1). <G, R, |=>is a model,

(2). [;C A= I'RA,

(3).IXE'=T'|-X,FXE'= I'=| X.

Theorem 3.4: There is a model for any Hintikka collection.
Proof: Let G'be a Hintikka collection. Define Rby: I'RA if I'C A. 3 If 4 is atomic,

let I'l= 4 if TA € I, and extend |= to produce a model <G, R, |=>. To show property
(3) is a straightforward induction on the degree of X. We give one case as illustration.
Suppose X is ~Y and the result is known for Y. Then

I~YE I'= (VAE G)(I}C A=T-X € A)
= (VAE Q)I7C A= FYE A)
= (VAE GY(I'RA=A=|Y)
:>F|: ~Y,

and

F~YE I'=@AE G)(I7C Aand TY € 4)
=@A€ QYT RAand A|=Y)
=>F:| ~Y.

It follows from this theorem that to show the completeness of Beth tableaus we need
only show the following: If —] | X, then there is a Hintikka collection G'such that for

some 'E G, FXET.
§ 4. Completeness of Beth tableaus

Let S be a set of signed formulas. By $(S) we mean the collection of all signed

subformulas of formulas in S. If S is finite, $(S) is finite.
Let S be a finite, consistent set of signed formulas. We define a reduced set for S
(there may be many) as follows:



Let S, be S. Having defined S, a finite consistent set of signed formulas, suppose one
of the following Beth reduction rules applies to S: TA, Fa, Tv, Fv, T~ or T—. Choose
one which applies, say FA. Then S, is {U, FX A Y}. This is consistent, so clearly either
{U, FX AY, FX} or {U, FX A Y, FY} is consistent. Let S,+; be {U, FX A Y, FX} if
consistent, otherwise let S,+; be {U, FX A Y, FY}. Similarly if Ta applies and was
chosen, then S, is {U, TX A Y}. Since this is consistent, {U, TX A Y, TX, TY} is
consistent. Let this be S,+1. In this way we define a sequence Sy, S, S», ... This sequence
has the property S, € S,,+1. Further, each S, is finite and consistent. Since each S, ©
S(S), there are only a finite number of different possible iS,. Consequently there must be
a member of the sequence, say S, such that the application of any one of the rules
(except F'~ or F'—) produces S, again. Call such an S, a reduced set of S, and denote it
by 8. Clearly any finite, consistent set of >* signed formulas ha a finite, consistent
reduced set. Moreover, if S’ is a reduced set, it has the following suggestive properties:

TIXANYES’=TXES’and TYE S”,
FXvYeS’=FXeS and FYES’,
IXvYesS’ =TxXes’or 7Y S’,
FXAYES'=FXES or FYE S,

T-XES’=FXES’,
TX—->YES=FXES’ or TYES’,
S'1is consistent.

Now, given any finite, consistent set of signed formulas S, we form the collection of
associated sets as follows:

If F~X €S, {Sr, T)X} is an associated set.
IfFX— YES, {Sy, TX, FY} is an associated set.

Let A(S) be the collection of all associated sets of S. A(S) is finite, since U € A(S)
implies U C S{S) and XS) is finite. A(S) has the following properties: if S is
consistent, any associated set is consistent and

F~X€S=forsome UE AS)SrC U, TXE U,
FX—=YES=forsome UEAS)S;CU, TXEU,FYE U.

Now we proceed with the proof of completeness.

Suppose —] | X. Then {FX} is consistent. Extend it to its reduced set Sp. Form
A(So). Let the elements of d A(Sp) be Uy, U,, ..., U,. Let S| be the reduced set of Uy, ...
, S, be the reduced set of U,. Thus, we have the sequence So, 1, Sa, ... , Sy.

Next form A(S)). Call its elements U,+1, U,+2, ... U,. Let S,+1 be the reduced set of
U,+, and so on. Thus, we have the sequence So, S1,... , Sy, Sut1, ... , Su. Now we repeat
the process with S, and so on.

In this way we form a sequence So, S1, S2, .... Since each S; © {S), there are only
finitely many possible different S;. Thus we must reach a point Sy of the sequence such
that any continuation repeats on earlier member.

Let G'be the collection {8, S1, ... , Sk}. It is easy to see that G'is a Hintikka
collection. But FX € Sy € G. Thus we have shown:

Theorem 4.1: Beth tableaus are complete. *°



Remark 4.2: This proof also establishes that propositional intuitionistic logic is
decidable. For, if we follow the above procedure beginning with FX, after a finite
number of steps we will have either a closed tableau for {F.X} or a counter-model for X.
Moreover, the number of steps may be bounded in terms of the degree of X.

The completeness proof presented here is in essence the original proof of Kripke
[13]. For a different tableau completeness proof see ch. 5 § 6, where it is given for first
order logic. For a completeness proof of an axiom system see eh. 5 § 10, where it also is
given for a first order system. The work in ch. I § 6 provides an algebraic completeness
proof, since the Lindenbaum algebra of intuitionistic logic is easily shown to be a
pseudo-boolean algebra. See [16].

§ 5. Examples
In this section, so that the reader may gain familiarity with the foregoing, we present

a few theorems and non-theorems of intuitionistic propositional logic, together with
their proofs or counter-models.

We show

(1).—14 v ~4,

(). F—1~~(4 v ~A),
(3).—1~~4 — 4,

(4). F—1(4 v B) = ~ (~4 A ~B),
(5).— 1~ ~(4 v B) = (~~A A ~~B).

For the general principle connecting (1) and (2) see ch. 4 § 8.
(1) _| IA v ~A4.
A counter example for this is the following:

G={I, A}
T'RT, TRA, ARA.

A= A is the |= relation for atomic formulas, and |= is extended to all formulas as usual.
We may schematically represent this model by

r
Al=47°

We claimlI"=| 4 v ~A4. Suppose not. If I'|= A4 v ~A4, either I'|= A I'|= ~4. But I'=| 4. If
I'l=~A then since 'RA, A =| A. But A |= 4, hence I'=| 4 v ~A.

Q). =1~ ~( v ~A).
A tableau proof for this is the following, where the reasons for the steps are obvious:

{{F~~(4 v ~A}},
{T~(4 v ~4}},



{{T~(4 v ~4}, F(4 v ~4}},
{{T~(4 v ~4}, FA, F~A}},
{{T~(4 v ~4}, TA}},
{{F(4 v ~4}, TA}},

{{FA, F~A4}, TA}},

3).—i1~~4—A.

The model of example (1) has the property that I'|= ~ ~4 but I'=| 4.
4). F—1(4 v B)= ~ (~4 A ~B).

The following is a proof:

{F(4 v B)= ~ (=4 A ~B))}},
{{T(A v B)’ F~ (~A A ~B)}}7
{{T(A v B), T(~A4 A NB)}}a
({T( v B), T~A, T-B}},
({T(4 v B), FA, T-B}},

({T(4 v B), FA, FB}},

(T4, FA, FBY, {TB, FA, FB}}.

(5).F—1~~(A v B)= (~~A v ~~B).
A counter example is the following:

G=1{I A @,

T'RI ARA, QRQ,

T'RA, T'RQ.

A|=A4, Q= B, is the |= relation for atomic formulas, and is extended as usual. We
may schematically represent this model by

r
€N
Al=4Q =B

Now A|=A4,s0 A|= A4 v B. Likewise = A v B. It follows that I'|= ~ ~(4 v B). But if
I'l=~~A v ~~B, either I'|= ~ ~4 or I'|= ~ ~B. If I'|= ~ ~4, it would follow that Q |=
A.If T'|= ~ ~B, it would follow that A |= B. Thus I'=| ~~4 v ~~B. **






CHAPTER 3
RELATED SYSTEMS OF LOGIC
§ 1. f~primitive intuitionistic logic, semantics

This is an alternative formulation of intuitionistic logic in which a symbol f'is taken as
primitive, instead of , which is then re-introduced as a formal abbreviation, ~X for X — f.
For presentations of this type, see [15] or [17].

Specifically, we change the definition of formula by adding fto our list of propositional
variables and removing ~ from the set of connectives. ~ is re-introduced as a
metamathematical symbol as above. Our definition of subformula is also changed
accordingly. The definition of model is changed as follows: replace P3 (ch. 1 § 2) by P3’: I
=| /. This leads to a new definition of validity, which we may call f~validity.

Theorem 1.1: Let X be a formula (in the usual sense) and let X~ be the corresponding
formula with ~ written in terms of f. Then X is valid if and only if X" is f~valid.

Proof: We show that in any model <G, 2, |= >
r=Xiff =X’

(where we use two different senses of |=). The proof is by induction on the degree of X
(which is the same as the degree of X”). Actually all cases 3 are easy except that of ~ itself.
So suppose the result is known for all formulas of degree less than that of X, and X is ~Y.
Then

=X~y
@V[’*F*=|Y
< VI*I+=Y,

but clearly this is equivalent to I'|= Y’— f'since I'* =| f. Hence equivalently I'|= X".

§ 2. f~-primitive intuitionistic logic, proof theory

In this section we still retain the altered definition of formula in the last section with f
primitive. We give a tableau system for this. The new system is the same as that of ch. 2 § 1
in all but two respects. First the rules 7~ and F~ are removed. Second a set S of signed
formulas is called closed if it contains 7.X and F.X for some formula X, or if it contains 7f.

This leads to a new definition of theorem, which we may call f~theorem.

Theorem 2.1: Let X be a formula (in the usual sense) and let X~ be the corresponding
formula with — written in terms of /. Then X is a theorem if and only if X’ is an f~theorem.

This follows immediately from the following:



Lemma 2.2: Let S be a set of signed formulas (in the usual sense) and let S’ be the
corresponding set of signed formulas with ~ replaced in terms of f. Then § is inconsistent if
and only if §” is f~inconsistent.

Proof: We show this in two halves. First suppose § is inconsistent. We show the result
by induction on the length of the closed tableau for §. There are only two significant cases.
Suppose first that the tableau for S'is (i, G, ..., G; Clis {{ U, F~X}} and Gis{{ Uy,
TX}}. Then by the induction hypothesis {{ U’r, TX"}} is f~inconsistent. Hence so is {{ U’,
FX’ —f}},1.e. 8. The other case is if (; is {{U, T~X}} and G is {{U, FX)}. Then by the
induction hypothesis {U’, FX'} is f-inconsistent. Hence so is {U’, TX'— f}, i.e. §”.

The converse is shown by induction on the length of the closed f-tableau for S”. If this
f-tableau is of length /, either §” contains 7X and ** FX for some formula X, and we are
done, or S’ contains Tf, which is not possible since we supposed S’ arose from standard set
S.

The induction steps are similar to those above.

The results of this and the last sections, together with our earlier results give: X’ is
f-~valid if and only if X* is an f~theorem. This is not the complete generality one would like
since it holds only for those formulas X~ which correspond to standard formulas X. The
more complete result is however true, as the reader may show by methods similar to those
of the last chapter.

§ 3. Minimal logic

Minimal logic is a sublogic of intuitionistic logic in which a false statement need not
imply everything. The original paper on minimal logic is Johannson’s [9]. Prawitz
establishes several results concerning it in [15], and it is treated algebraically by Rasiowa
and Sikorski [16].

Semantically, we use the f-models defined in § 1, with the change that we no longer
require P3’, that is, that I"=| f. Proof theoretically, we use the f-tableaus defined in §2, with
the change that we no longer have closure of a set because it contains 7f. We leave it to the
reader to show that X is provable in this tableau system if and only if X is valid in this
model sense, using the methods of ch. 2.

Certainly every minimal logic theorem is an intuitionistic logic theorem, but the
converse is not true. For example (4 A ~4 ) — B is a theorem of intuitionistic logic, but the
following is a minimal counter-model for it, or rather for (4 A (4— f)) — B:

G=1{1}
I'Rr
=4 Tk,
and |= is extended as usual. It is easily seen that F|= A A (A —f), but F=| B.

§ 4. Classical logic

Beginning with this section, we return to the usual notions of formula, tableau and
model, that is, with ~ and not fas primitive. *'



Some authors call a set .$'of unsigned formulas a (classical) truth set if

XrYESe XESandYE S,

XvYESesXESorYE S,
~XES=XE S,

X—=YESeXESorYE S

It is a standard result of classical logic that X is a classical theorem if and only if X is
in every truth set. There is a proof of this in [20].

Theorem 4.1: Any intuitionistic theorem is a classical theorem.
Proof: Suppose X is not a classical theorem. Then there is a truth set S'such that X &
S. We define a very simple intuitionistic counter-model for X, <G, &, |= >, as follows:

g={3},
SRS,
SFA= A€ S

for 4 atomic, and |= is extended as usual. It is easily shown by induction on the degree
of Y that

SEYsYES

Hence $'=| X, and X is not an intuitionistic theorem.

That the converse is not true follows since we showed in ch. 2 § 5 that— 14 v ~A4.
Thus we have: minimal logic is a proper sub-logic of intuitionistic logic which is a
proper sub-logic of classical logic.

§ 5. Modal logic, S4; semantics

In this section we define the set of (propositional) S4 theorems semantically using a
model due to Kripke [12] (see also [18]). S4 was originated by Lewis [14], and an
algebraic treatment may be found in [16]. A natural deduction treatment is in [15].

The definition of formula is changed by adding [ to the set of unary connectives.
Thus for example ~O0~(4 v O~A4) is a formula. [ is read “necessarily”. {) is sometimes
taken as an abbreviation for ~OJ~ and is read “possibly”. (In [14] { was primitive.)

The S4 model is defined as follows: It is an ordered triple <G, R, |= > where Gis a
non-empty set, R is a transitive, reflexive relation on G, 2 and |= is a relation between
elements of G'and formulas, satisfying the following conditions:

MIL.I=XAYiff F=Xand I'|=Y.
M2.T'=XvYiff(|=Xor I'|=Y.
M3. I'l=~Xiff I'=| X.
M4. I'|=(X—=Y)iff F'=|Xor =Y.
Ms. I'|= OX iff for all I'*, I™* |= X.

Xis S4validin<G, R, |=>ifforall 'E G, I'|= X. X is S4 valid if X is S4 valid in
all S4 models.



The intuitive idea behind this modeling is the following: G'is the collection of all
possible worlds. I"RA means A is a world possible relative to I" I"|= X means X is true
in the world I Thus M5 may be interpreted: X is necessarily true in I"if and only if X
is true in any world possible relative to I". This interpretation is given in [12].

§ 6. Modal logic, S4; proof theory
We define a tableau system for S4 as follows: Everything in the definition of Beth

tableaus in ch. 2 § i remains the same except the reduction rules themselves. These are
replaced by

S, TXAY S, FXAY
MTA: ———— MFA: —————

S, TX, TY S, FX|S, FY

S, TXvY S FXVvY
MTv: ——mMmM— MFv:

S, TX|S, TY S FX FY

S, T~X S, F~X
MT~ — MF~:

S, FX S, TX

S TX—=Y S, FX—Y
MT—: ————— MF—:

S, FX|S TY S, TX, FY

S, TO0X S, FOX
Mma: ——— MFO:

S, TX S, FX

where in rule MFO S is {TOX | TOX € S}. Again the methods of ch. 2 can be
adapted to S4 to establish the identity of the set of S4 theorems and the set of S4 valid
formulas. This is left to the reader. The original | proofis in [12]. We are more
interested in the relation between S4 and intuitionistic logic.

§ 7. S4 and intuitionistic logic

A map from the set of intuitionistic formulas to the set of S4 formulas is defined by
(see [18])
M(A4) =04 for 4 atomic,
M(X vY)=M(X) v M(Y),
M(X A Y)=M(X) rn M(Y),
M(=X) = O~M(x),

M(X — Y) = T(M(X) = M(Y)).

We wish to show

Theorem 7.1: If X is an intuitionistic formula, X is intuitionistically valid if and
only if M(X) is S4-valid.



This follows from the next three lemmas.

Lemma 7.2: Let <G, R, |= > be an intuitionistic model and <G, &, |= s4> be an S4
model, such that for any I'E G'and any atomic 4

=14 <=5 A.
Then for any formula X
I'=Xel|=uX.
Proof: A straightforward induction on the degree of X.

Lemma 7.3: Given an intuitionistic counter-model for X, there is an S4
counter-model for M(X).
Proof: We have <G, R, |=1>, an intuitionistic model such that for some I'E G'T'|=

X. We take for our S4 model <G, 2, |= sa>, where |= s4 is defined by
Al=s4difAl=14
for A atomic and any A4 in G, and |: s418 extended to all formulas. If 4 is atomic
A |= 54M(A) <A |= S4 04
< |= 54 (VA¥)AH =544
< =51 (VA®)AY=14
= A |: IA

and the result follows by lemma 7.2. *

Lemma 7.4: Given an S4 counter-model for M(X), there is an intuitionistic counter-
model for X.
Proof: We have <G, R, |= s4> an S4 model such that for some I'E G I'=| 54 M(X).

We take for our intuitionistic model <G, R, |= > where |= is defined by
Al 1 Aif A= ss M(A)

for A atomic and any A4 in G, and |: 1 1s extended to all formulas. Now the result follows
by lemma 7.2. |






CHAPTER 4

FIRST ORDER INTUITIONISTIC LOGIC

SEMANTICS

§ 1. Formulas

We begin with the following:

(1). denumerably many individual variables x, y, z, w, ...

(2). denumerably many individual parameters a, b, c, d, ...

(3). for each positive integer 7, a denumerable list of n-ary predicates 4", B", C", D, ...

(4). connectives, quantifiers, parentheses, A, v, =, ~, 3, V, (,).

An atomic formula is an n-ary predicate symbol 4" followed by an n-tuple of individual
symbols (variables or parameters), thus A"(a, ..., &,). A formula is anything resulting from
the following recursive rules:

FO. Any atomic formula is a formula.

Fl. If X is a formula, so is ~X.

F2,3,4.If X and Y are formulas, so are (X A 1), (X v Y), (X = Y).

F5, 6. If X is a formula and x is a variable, (Vx)X and (3x)X are formulas.

Subformulas and the degree of a formula are defined as usual. The property of uniqueness
of composition of a formula still holds. We note the usual properties of substitution, and we
use the following notation: If X is a formula and « and f are individual symbols, by X(“)
we mean the result of substituting S for every occurrence of « in X (every free occurrence
in case o is a variable). We usually denote this informally as follows: we write X as X()
and X(“y) as X(f). It will be clear from the * context what is meant. We again use
parentheses in an informal manner and we omit superscripts on predicates.

Although the definition of formula as stated allows unbound occurrences of variables in
formulas, we shall assume, unless otherwise stated, that all variables in a formula are
bound. Notation like X(x) however, indicates that x may have free occurrences in X.

§ 2. Models an validity

In this section we define the notion of a first order intuitionistic model, and first order
intuitionistic validity, referred to respectively as model and validity. This modeling
structure is due to Kripke and may be found, in different notation, in [13] (see also [18]).
The notions of ch. 1, if needed, will be referred to as propositional notions to distinguish
them.

If Zis a map from to sets of parameters, by Z{I) we mean the set of all formulas which
may be constructed using only parameters of AT). By a (first order intuitionistic) model
we mean an ordered quadruple <G, R, |=, 7>, where G'is a non-empty set, Kis a
transitive, reflexive relation on G, |= is a relation between elements of G'and formulas, and
Pis a map from G'to non-empty sets of parameters, satisfying the following conditions:

forany '€ G



Q0. AI')C AT™),

QL I'|=4= A€ AT) for 4 atomic,

Q2. I'|= A= I'|= A for 4 atomic,

Q. T=(XaY)e T'=Xand T'|=7,

Q4.T|=(XvY) < (XvY)EAT)and =X or -7,

Q5. I'|=~X < ~X &€ AT ) and for all I'*, I *=| X,

Q6. I'|=(X—7Y) < (X—Y)E AT )and for all I'*, if I*|= X, then I'* |- Y,

Q7. I'l= (I0)X(x) for some a € AI') I'l= X(a),

Q8. I'l= (Yx)X(x) for every I'* and for every a € AT *) I'* |= X(a).

We call a particular formula X valid in the model <G, R, |=, > if for all '€ G such
that X€ AT) I'l= X. Xis called valid if X is valid in all models.

§ 3. Motivation

The intuitive interpretation given in ch. 1 § 3 for the propositional case may be extended
to this first order situation. ¥/

In one's usual mathematical work, parameters may be introduced as one proceeds, but
having introduced a parameter, of course it remains introduced. This is what the map Zis
intended to represent. That is, for '€ G I'is a state of knowledge, and ZAT) is the set of all
parameters introduced to reach I'. (Or in a stricter intuitive sense, HTI") is the set of all
mathematical entities constructed by time I"). Since parameters, once introduced, do not
disappear, we have Q0. Q2-6 are as in the propositional case. Q7 should be obvious. Q8
may be explained: to know (Vx)X(x) at I, it is not enough merely to know X(a) for every
parameter «a introduced so far (i.e. for all a € ZAT")). Rather one must know X(a) for all
parameters which can ever be introduced (i.e. for all a € AT *) I'* |= X(a)).

The restrictions Q1, and in Q4, Q5 and Q6 are simply to the effect that it makes no sense
to say we know the truth of a formula X if X uses parameters we have not yet introduced. It
would of course make sense to add corresponding restrictions to Q3, Q7 and Q8, but it is
not necessary. The original explanation of Kripke may be found in [13]. For a different but
related model theory in terms of forcing see [5].

§ 4. Some properties of models

Theorem 4.1: In any model<G, R, |=, 7>, forany I'E G, if ['|= X, then X € A1).
Proof: A straightforward induction on the degree of X.

Theorem 4.2: In any model <G, R, |=, 77>, for any formula X, if I'|= X, then I'™*|= X.
Proof: Also a straightforward induction on the degree of X.

Theorem 4.3: Let G'be a non-empty set, Zbe a transitive reflexive relation on G, and 7
be a map from G'to non-empty sets of parameters such that AI') C Al*) forall 'E G.
Suppose |= is a relation between elements of G and atomic formulas such that I'|= 4 = 4
€ 2(I'). Then I'|= can be extended in one and only one way to a relation, also denoted by
|=, between and formulas, such that <G, R, |=, 7> is a model.

Proof: A straightforward extension of the corresponding propositional proof.



Definition 4.4: Let <G, R, |=, > be a model and suppose a is some * parameter such
thata & U ADN.By <G, R |-, 2>(",) we mean the model <G, R, |=*, > defined as
follows:

(I is the same as AT except for containing a in place of b if AT contains b.

For 4 atomic I')l= 4 =T \:’A(ba), and |= is extended to all formulas.

Lemma 4.5: Let <G, R, |=, P>be amodel, a & U, ¢ P(I, <G, R |-, P>be <G, R, |-
P>(",). Then for any formula X not containing a

>

T'=Xx=r]= Xx(,).
Proof: By an easy induction on the degree of X.

Definition 4.6: Let <G, R, |=, 7> be a model and suppose a is some parameter such that
a Upe, AID). By <G, R |=, P>}-, we mean the model <G, & |-, P> defined as
follows:

(I is the same as AT except for containing a as well as b whenever A T) contains
b.

For 4 atomic I')l=4 = I'|=> A’, where A is like 4 except for containing a at zero or
more places where 4 contains b, and |= is extended to all formulas.

Lemma 4.7: Let <G, R, |=, P> be amodel a & U¢ P(I), and let <G, R, |=°, P"> be <G,
R, |=, P>,—,. Then if X is any formula not containing a, and if X" is like X except for
containing a at zero or more places where X contains b

I=Xx=r|=Xx.
Proof: Again an easy induction on the degree of X.
§ 5. Examples
We show that two theorems of classical logic are not intuitionistically valid:
(D). F=c ~~(Vx)(d(x ) v ~4(x)),

but the following is an intuitionistic counter-model for it. We take the natural numbers as
parameters. Let

G={L|i=0,1,2,..},
I RI; iff i <,
ALY = {2, i i+1}¥

I, |= A() iff i < n and |= is extended to all formulas. We may give this model schematically
by



I[1]

I[1,2] = 4(1)

I3[1,2,3] = A1), 4(2)

I [|1, 2,3,4]|= A1), 4(2), A(3)
We claim no I} |= ~ ~(Vx)(4(x) v ~A(x)). Suppose instead that
T ~~(Vx)(A(x) v ~A(x)).
Then for some j = i
Ti= (Vx)(A®X) v ~A(x)).
Butj+1 € AT;), so
I |= A(j+1) v ~A(j+1).

But I;=| A(j+1) since j+1 >j, and if I}|= ~A(j+1), then since I; Rl 1, [;+1=| A(j+1), a
contradiction.

(). F=c (Vx)(4 v B(x)) = (4 v (Vx)B(x)),
but an intuitionistic counter-model is the following, where parameters are again integers:

G=1{n, I},
LRL, I RL, LRI,

A =11}, AL = {12},
L= BQ), Ix|= B(Y), I |= 4,
and |= is extended to all formulas. Schematically, this is
Li[1]= B(1)
|Fz[1, 2]|=B(1),4
To show this is a counter-model, first we claim
I |= (Yx)(4 v B(x)). >
This follows becausel; |= B(1). Hence

L=Av B



and I>|= 4, so

L|=Av B(Q)and I;|= 4 v B(2).

***********
C to:
§ 6. Truth and almost-truth sets SLLLLL

In classical first order logic, a set .$ of formulas is sometimes called a truth set if

().XAYES< XE Sand YE S,
2.XvYES< XE SorYE S,
(B).~XES=XES

A X—>YESeXE SorYE S,

(5). @Ax)X(x) € S <= X(a) € S for some parameter a,
(6). (Vx)X(x) € S < X(a) € S for every parameter a,

where there is some fixed set of parameters, X and Y are formulas involving only these

parameters, and (5) and (6) refer to this set of parameters.
We now call .San almost-truth set if it satisfies (1)-(5) above and

(62). (Yx)X(x) € §= X(a) € S for every parameter a.
It is one form of the classical completeness theorem that for any pure (i.e. with no
parameters) formula X, X is a classical theorem if and only if X is in every truth set.

We leave the reader to show

Theorem 6.1: If X is pure and contains no occurrence of the universal quantifier, X is in
every truth set if and only if X is in every almost-truth set.

§ 7. Complete sequences

The method used in this section was adapted from forcing techniques, and is due to
Cohen [3]. 7"

Definition 7.1: In the model < G, R, |=, 7>, we call CC Ran R-chain if
I'AE C=TRAor ART

If Cis an R-chain, by C'we mean {X | for some I'€ C I'|= X}.
If C'is an R-chain, C'is called complete if, for every formula X with parameters used in
C Xv~-XeEC

Lemma 7.2: Let Cbe a complete Z-chain in the model <G, &, |=, 2>. Then (is an
almost-truth set.



Proof: This is a straightforward verification of the cases. We give case (4) as an
illustration.
Suppose (X — Y) € € Then for some I'E C'T'|= X — Y. Now either X¢& C'orX€ C’

If X EC, then for some A € CA|= X. Let 2be the R-last of I'and A. Then 2 |= X and Q
FX—7Y,s0Q=YandYE C!ThusX¢& CorYE C’

Conversely suppose (X — Y) & €. Then ~X & C, since (is closed under modus
ponens and contains ~X — (X — Y) as is easily shown. But X v ~X€ C hence XE€ C’
Further Y € C since again Y = (X = V)€ ("

Lemma13: Let<G, R, |=, 7> be amodel, 'E Gand X € 2 (I). There is some I'* €
G'such that I'* |= X v ~X.

Proof: Either some I'* |= X and we are done, or no I"*|= X in which case I'|= ~X and we
are done.

Theorem 7.4: Let <G, R, |=, > be a model and I'E G Then I can be included in
some complete Z-chain C'such that ("’is an almost-truth set.

Proof: There are only countably many formulas, X), X5, X, ... We define a countable
R-chain {Iy, I, 132, ...} as follows:

Let Iybe I

Having defined I, if X,..; & ZAI*) for any I},*, let I}..; be I,. If X1 € R I,*) for
some I,* then I,* by lemma 7.3, has an ZR-successor I;,** such that I}, ** |= X, v ~X,1.
Let I+ be this I, **.

Let Cbe {I}, I, I3, ...}. Clearly Cis complete, and by lemma 7.2 ("’is an almost-truth
set.

§ 8. A connection with classical logic

The first theorem of this section is essentially theorem 59(b) of [10 p. 492], but there it is
proved prooftheoretically and here semantically. B

Theorem 8.1: Let X be a pure formula. If X is in every classical almost-truth set, ~~X is
intuitionistically valid.

Proof: Suppose ~ ~X is not valid. Then there is a model < G, &, |=, Z>anda '€EG
such that I'=| ~ ~X. Then for some I'™* € G I'* |=~X. Now I * can, by theorem 7.4, be
included in an Z-chain C’such that (is an almost-truth set. But ~X € C, so that X € "’

Theorem 8.2: 1f X is intuitionistically valid, then X is classically valid (for X pure).
Proof: As before, if X is not classically valid, there is a truth set .$'not containing X. But
it is easily shown that if G = {S}, SRS, S|=Yif Y€ 5, and () is the set of all

parameters occurring in .5, the resulting < G, &, |=, > is a model in which X is not valid.

Theorem 8.3: If X is a pure formula with no occurrence of the universal quantifier, then
X s classically valid if and only if ~ ~Xis intuitionistically valid.
Proof:



~ ~X intuitionistically valid = ~ ~ X classically valid
= X classically valid.

Conversely

X classically valid = X is in every truth set
= X is in every almost-truth set
=> ~ ~X is intuitionistically valid.

Remark 8.4: This result [due to Kolmogorov, 1925] will be of fundamental importance
in part II.

Corollary 8.5: First order intuitionist logic is undecidable.
Proof: Classical first order logic is undecidable, and every classical formula is
classically equivalent to a formula with no universal quantifiers.

Remar/cs38.6: That theorem 8.3 cannot be extended to all formulas is shown by example
(1)in§5.



CHAPTER 5

FIRST ORDER INTUITIONISTIC LOGIC

PROOF THEORY

§ 1. Beth tableaus

The following is an extension of the system of ch. 2 § 1 to the first order case (see

[2]). Everything is as it was there, except that four reduction rules are added to the list.
These are

S, T(Ax)X(x) S, FA(x)X(x)
T — F —
3:
S, TX(a) provided a is new S, FX(a)
S, TVx)X(a) S, F(Vx)X(a)
v, — F —
v
S, TX(a) S, FX(a) provided a is new

(Note the S7in rule FV.) In rules F3 and 7V, a may be any parameter whatsoever. In
rules 79 and FV, the parameter a introduced must not occur in any formula of S or in
the formula X(x).

The corresponding classical tableau system is like the above, but in rule FV S7is
replaced by S. As in ch. 2 § 1 interpretations differ. Classically the interpretation is as it
was in the propositional case. The restrictions on parameters in 73 and FV are for
obvious reasons. In the intuitionistic system the difference between 7’3 and FV may be
explained > as follows. Suppose we have proved (Ix)X(x). Since (intuitionistically) the
only existence proofs are constructive, there must already be an instance X(a) which we
have proved. Thus rule 73. But suppose we have not proved (Vx)X(x). We might have
proved all instances so far encountered, but it must be possible (i.e. compatible with our
present knowledge) that we will at some time encounter an instance for which we will
have no proof. However, this might happen at some time in the future, by which time
we may have proved some things we do not know (some FZ € S might become 77).
Hence the restriction to St in rule FV.

As in the propositional case, we proceed to show correctness and completeness (in
two ways) of this system.

The following two examples illustrate proofs in the system:

(D). F=1(Vx)X(x) = ~ (Tx) ~X(x).
The proof'is

HF(Y0)X(x) = ~ (30) ~X(0)} },
H T(Y)X(x), F~ (3x) ~X(x) }},
H TV 0)X(), TAx) ~X(x)}},

H TV 0)X(x), T-X(a)} },



H{ TX(a), T-X(a)} },
H{ TX(a), FX(a)}}.

2). =1~ @) ~ [X(x) = Y()] = (Vx)[~ Y(x) = ~ X(0)].
The proof is

{7~ @) ~ [X(x) = Y(x)] = (V0)[~ Y(x) = ~ X(0)]} },
HT~ (Ax) ~ [X(x) = Y01, F(Vx)[~ Y(x) = ~ X(0)]}},
H{T~ (3x) ~ [X(x) = Y(0)], F[~ Y(a) = ~ X(@)]}},

{7~ (30 ~ [X(x) = Y(0)], T~ Y(a), F~ X(@)]}},

HT~ (Ax) ~ [X(x) = Y(0)], T~ Y(a), TX(@)]}},

HF@EY) ~ [X(x) = Y(0)], T~ Y(a), TX(a)]}},

{7~ [X(a) = Y(a)], T~ Y(a), TX(a)]}},

{TX(a) = Y(@)], T~ Y(a), TX(a)]} },

{{X(a), T~ Y(@), TX(@)]} }, {{TY(@), T~ Y(a), TX(@)]} },
{rX(a), T~ (@), TX(@)]} }, {{TV(a), FY(a), TX(a)]}},

§ 2. Correctness of Beth tableaus

Definition 2.1: Let 8 = {TXj, ..., TX,, FY,, ..., FY,,} be a set of signed ** formulas,
<G, R |=, P>amodel, and 'E G. We say I realizes S if ;€ RI), Y,;€ AI), and I
=X, =Y (i=1,..,nj=1,.. m).AsetSis realizable if something realizes it.

A configuration Clis realizable if one of its elements is realizable.

Lemma 2.2: Let O stand for either the sign 7 or the sign F. If S, OX(b) is realizable
and if a is a parameter which does not occur in S or in X (so a = b) then S, OX(a) is
realizable.

Proof: Suppose in the model <G, R, |=, > I'realizes S, QX(b). Choose a new
parameter ¢ & U reg AT (we can always construct a new parameter). Let <G, &, |=",
P5be <G, R |-, (°,) (see ch. 4 § 4). Since a does not occur in S or X, by lemma
4.4.5, in this new model I"realizes S, QX(b). But now a & Ure, P, so we may
define a third model <G, R, |-, 7% as <G, R, |-, P>p-.. By lemma 4.4.7 in this
third model I"realizes S, OX(a).

Lemma 2.3: If S, T(3x)X(x) is realizable, and if @ does not occur in S or X(x), then S,
TX(a) is realizable.

Proof: Suppose in the model <G, &, |=, 72 I'realizes S, T(Ix)X(x). Then I' |=
(3x)X(x), so for some b € AT) I' |= X(b). Thus I realizes S, TX(b). If a = b we are
done. If not, by lemma 2.2 we are done.

Lemma 2.4: If S, F(Ax)X(x) is realizable and if a is any parameter, S, FX(a) is
realizable.

Proof: Suppose in the model <G, R, |=, 2 Irealizes S, F(Ix)X(x). Then I"=|
(I)X(x). Ifa € RT"), I'=| X(a) and we are done. If a & AT"), a cannot occur in S or
X by the definition of realizability. But AI") = &, so there isa b € AT") with b = a
and I" =| X(b). Thus S, FX(b) is realizable. Now use lemma 2.2.



Lemma 2.5: If S, T(Vx)X(x) is realizable and if a is any parameter, .S, TX(a) is

realizable.
Proof: Similar to that of lemma 2.4.

Lemma 2.6: I S, F(Vx)X(x) is realizable and if a is any parameter which does not
occur in S or X(x), then S7, FX(a) is realizable.

Proof: Suppose in the model <G, &, |=, 72> I'realizes S, F(Vx)X(x). Then I"=|
(Vx)X(x). But X(x) € AT, so there is a I'* such that I* =| X(b) for some b € A T*). Of
course I'* realizes St If b = a we are done. If not, since S, X(b) is realizable, by lemma
2.2 we are done. *°

Theorem 2.7: Let (4, (, ..., C, be atableau. If (/is realizable, so is G.
Proof: We pass from (to (i by the application of some reduction rule. All the

propositional rules were dealt with in ch. 2. The four new (first order) rules are handled
by lemmas 2.3-2.6.

Corollary 2.8: 1f X is provable, X is valid.
Proof: Exactly as in the propositional situation.

§ 3. Hintikka collections

This section generalizes the definitions of ch. 2 § 3 to the first order setting. Recall
that a finite set of signed formulas is consistent if no tableau for it is closed. We say an
infinite set is consistent if every finite subset is.

Let G'be a collection of sets of signed formulas. If '€ G, by AT) we mean the
collection of all parameters occurring in formulas in I'. If I', A € G, by I'’RA we mean

PN C P(4) and I C A.

Definition 3.1: We call G a (first order) Hintikka collection if, for any '€ G I'is

consistent and
TXANYETN=TXETand TYE T,

FXvYETl=FXE€Tland FYET,
IXvYelrsTXelorTYET,
FXnYeEl'=sFXeTlorFYeT,
T-Xelr=sFXxer
TX—=YeElI'sFXelorTYET,
F~XE€I'=forsome A€ G, 'RA, TX E A,
FX—=YETI'=forsome AE G, T'RA, TXE A FYE A,
T(Vx)X(x) € I'= TX(a) € I"for all a € AD),
F@x)X(x) €E I'= FX(a) E I'forall a € AI),
TAx)X(x) € I'= TX(a) € 'for alla € AI),
F(Vx)X(x) € I'= for some A€ G I'RA and
for some a € P(A) TX(a) € A

Definition 3.2: If G is a Hintikka collection, we call <G, R, |=, P> a model for G'if

(1). <G, R, |=, P> is amodel, >’
(2). Zand R are as above,



(). forall FTE GTXE M= T'|=Xand FXE I'= I'=| X.

Theorem 3.3: There is a model for any Hintikka collection.

Proof: Suppose we have a Hintikka collection G, ZPand X are as defined above. If
A is atomic, let I'|= 4 if TA € T, and extend to all formulas. The result <G, R, |=, 77>
is a model. We claim it is a model for G We show property (3) by induction on the
degree of X.

The propositional cases were done in ch. 2 § 3. Of the four new cases we only do two
as an illustration.

Suppose the result known for all subformulas of the formula in question. Then

T(Vx)X(x) € IT'= (VAE G)Y(I'RA = T(Vx)X(x) € A)
(since I'T CAif IT'RA)
= (VA E GYI'RA=> ((Va E P(A))TX(a) E A))
= (VA E G(T'RA= ((Va € P(4)) A |= X(a)))
= TI'|=(Vx) X (x).
Conversely

F(Vx)X(x) € I'= (AAE GYI'RAand A € AA)(FX(a) € A))
= (AAE G)(I'RAand (Aa € RA))(A =| X(a)))
= I'|= (Vx) X (x).

Thus, as in the propositional case, to establish the completeness of Beth tableaus we

need only show that if X is not provable, there is a Hintikka collection and a '€ G'such
that FXe I

§ 4. Hintikka elements

Definition 4.1: Let I'be a set of signed formulas and P a set of parameters. We call I"
a Hintikka element with respect to P if I'is consistent and
IXanYeEl=TXE€Tland TYET,
FXvYETrN=FXETland FYET,
IXvYeEl=TXE€TorTYET,
FXNnYETrN=FXETlorFYET,
T~-XETr=FXET,
TIX—YET=FXETorTYET,®
T(Vx)X(x) € I'= TX(a) € I for eacha € P,
F(@x)X(x) € I'= TX(a) € I for each a €E P,
T(@Ax)X(x) € I'= TX(a) € I for some a E P,

Theorem 4.2: Let I'be an at most countable, consistent set of signed formulas. Let S
be the set of all parameters occurring in formulas in I Let a;, ay, as, ... be a countable
list of parameters not in S. Let P =S U {ay, ay, as, ...}. Then I" can be extended to a
Hintikka element with respect to P.

Proof: Order the (countable) set of all subformulas of formulas in I, using only

parameters of P: X, X, X;, ... We define a (double) sequence of sets of signed
formulas:



Let I'y = I. Suppose we have defined I, which is a consistent extension of Iy, using
only finitely many of a;, a;, a3, ... Let A,,l =TI,. We define A,,2, e, AV and let Ty =
A" We do this as follows:

Suppose we have defined A," for some k (1=k=n). Consider the formula X;. At most
one of TX;, FX; can be in A,f (since it is consistent). If neither is, let A = A,,k. If one
is in A,*, we have several cases.

Case (la). Xy is Y v Z and TX; EA,,". Then one of Ank, TY or A,,k, TZ is consistent. Let
A,,k+1 be A,,k, TY if consistent, and A,,k, TZ otherwise.

kCase (1b). Xyis Y v Zand FX, € A,,k. Then A,,k, FY, FZ is consistent. Let this be
AR

The cases

(2a). TX A Y,

(2b). FX A Y,

(3).T~X,

. TX—7,
are all treated in a similar manner.

Case (5a). X is (Ir)X(x) and TX; € A% Since A," uses only finitely many of a;, a,
as, ..., let a; be the first one unused. Let A,,k+1 be A,,k, TX(a). Since a is new, this must
also be consistent.

Case (5b). X; is (Ix)X(x) and FX; € A*. Let A, be A,* together with FX(a) for each
a € 8, and each o = a; which has been used so far. Then A,,k+1 is again consistent.

Case (6). T(Vx)X(x), is treated as we did case (5b).

lelsseg (7). If the signed formula does not come under one of the above cases let 4,
=A .

Thus we have defined a sequence Iy, I, I3, ... , Let IT = UI,. We claim Il is a
Hintikka collection with respect to P. The verification of the properties is
straightforward.

§ 5. Completeness of Beth tableaus

Supposing X to be not provable, we give a procedure for constructing a sequence of
Hintikka elements.
First we order our countable collection of parameters as follows:

1 1 1
Sl- a ,ay,az, ...
Szf ay , dx ,a33,
S3.' ay ,dy,asz, ...

where we have placed all the parameters of X in §;, and let P, =S U S, U ... U S,.

For this section only, by an F-formula we mean a signed formula of the form F-X,
FX —Y or F(Vx)X. We may assume once and for all an ordering of all formulas. Now
we proceed:

Step (0). X is not provable, so {FX} is consistent. Extend it to a Hintikka element
with respect to P;. Call the result I7.

Step (1). Take the first F-formula of I. If this is F~X, consider Ijy, TX. This is
consistent. Extend it to a Hintikka element with respect to P, call it I>. If the first
F-formula is FX — Y, extend I'r, TX, FY to a Hintikka element with respect to P», I>. If
the first F-formula is F(Vx)X(x), extend Ti7, FX(a’) to a Hintikka element with respect



to P, I. In any event I is a consistent Hintikka element with respect to P,. Now call
the first F-element of I “used”. The result of step (1) is {11, I3}.

Suppose at the end of step (1) we have the sequence { I, I3, I3, ..., I3,} where each
I is a Hintikka element with respect to P;.

Step (n+1). Take the first “unused” F-formula of I}, proceed as in step (1) depending
on whether the formula is F~X, FX — Y or F(Vx)X. Produce from I',,, TX or I, TX, FY
or I, FX(a,*""") a Hintikka element with respect to P,,,,, call it I, ,, and call the
formula in question “used”. Repeat the same procedure with the first “unused”
F-formula of I}, producing a Hintikka element with respect to P,,,,, “call it I},,,
Continue torl;,, producing a Hintikka element with respect to P,,,,, callit I, ,,. The
result of the (n+)st step is thus

I, Iy, ... Doy}

Let be G'the collection of all T, generated in the above process. We claim G'is a
Hintikka collection.

Each I, € G'is a Hintikka element with respect to P, so ATI,) is P,. Since I, is a
Hintikka element with respect to ZAT},), to show & is a Hintikka collection we have
only three properties to show.

Suppose for some I, € G, F(Vx)X(x) € I,. By the above construction there must be
some Iy € G'such that I,r C I}, AI,) C AT and FX(a) € I} for some parameter a.
Thus (3T}, € G)I;, RI} and FX(a) € I}, for some a € AT}).

The cases F~ and F— are similar.

Thus G'is a Hintikka collection and FX € I € G, so our completeness theorem is
established. We note that in the Hintikka collection resulting, every formula is a
subformula of X. We remark also that the construction of § 4 and of this section could
be combined into a single sequence of steps.

This proof is a modification of the original proof of Kripke [13].

§ 6. Second completeness proof for Beth tableaus

The following is a Henkin type proof and serves as a transition to the completeness
of the axiom system presented in the next few sections. A proof along the same lines but
using unsigned formulas was discovered independently by Thomason [21] and by Aczel
[1]. The similarity to the algebraic work of ch. 1 § 6 is also noted.

Recall that a finite set of signed formulas I'is consistent if no tableau for it is closed.
An infinite set is consistent if every finite subset is.

Definition 6.1.: Let P be a set of parameters and I'a set of signed formulas. We call I”
maximal consistent with respect to P if

(1). every signed formula in I"uses only parameters of P,

(2). I'is consistent,

(3). for every formula X with all its parameters from I, either 7ZX € I'or FX € I or
both I', TX and I', FX are inconsistent. [

Lemma 6.2: Let I'be a consistent set of signed formulas, and P be a non-empty set
of parameters containing at least every parameter used in I". Then I can be extended to
a set A which is maximal consistent with respect to P.



Proof: P is countable, so we may enumerate all formulas with parameters from I X,
X, X, ...

Let Ao = I'. Having defined A,, consider X,+;. If A4,, TX,+ is consistent, let it be A,;.
If not, but if A,, F.X,+1 is consistent, let it be A,+;. If neither holds, let A, be A,.

Let A= UA,. The conclusion of the lemma is now obvious.

Definition 6.3: Let I'be a set of signed formulas and P a set of parameters. We call I"
good with respect to P if

(1). I'is maximal consistent with respect to P,
(2). T(Ax)X(x) € I'= TX(a) € I for some a € P.

Lemma 6.4: Let I'be a consistent set of signed formulas, and S be the set of
parameters occurring in I". Let {a), a,, as, ... } be a countable set of distinct parameters
notin S, and let P=SU {ay, as, as, ... }. Then I"can be extended to a set A which is
good with respect to P.

Proof: P is countable, order the set of formulas with parameters from P: X;, X3, X3,
... We proceed as follows:

(1). Let 4p=1T.

(2). Extend Ay to a set A; maximal consistent with respect to S.

(3). Take the first X; (in the above ordering) of the form 7(3x)X(x) such that
T(Ax)X(x) € A, but for no a € S is TX(a) € A;. Let A, = Ay, TX(a). Since a; is “new”,
A, is consistent.

(4). Extend A, to a set A; maximal consistent with respect to S U{a;}.

(5). Take the first X; of the form 7(3x)X(x) such that 7(Ix)X(x) € A; but forno a € §
U {a1} is TX(a) € A;. Let Ay = A3, TX(a2). Again Ay is consistent.

(6). Extend Ay to a set As maximal consistent with respect to S U {a, a»}

And so on.

Let A=UA,. We claim A is good with respect to P.

First A is consistent since each A, is consistent.

If X has all its parameters in P, then for some # all the parameters of X are in § U
{ay, ay, ..., a,}. Butin step (2n) we extend A,,.. to Ay,+1, a set maximal consistent with
respect to S {a, ay, ..., a,}. Thus TX or 2 FXis in Aj,+1 and hence in A, or neither can
be added consistently. Thus A is maximal consistent with respect to P.

Finally suppose 7(3x)X(x) € A. We note that the formula dealt with in step (5) is
different from the one dealt with in step (3), and the one dealt with in step (7) is
different again. Thus we must eventually reach 7(3x)X(x), and so for some a € P TX()
€ A. Hence A is good with respect to P.

Now let us order our countably many parameters as follows:

1 1 1
Sl. [112, (122, (132,
Szf ay,ay,ay, ...
S3.' ay,dy,az, ...

and let P,=S; U S U ... US,. Let G be the collection of all sets of signed formulas
which are good with respect to some P. We claim G'is a Hintikka collection.

Suppose I'E G. Then I'is good with respect to some P;, say P,. Then ZAT) (the
collection of all parameters of I") is P,,.



Suppose TX A YE I'but TX & I'. If I, TX A Y is consistent, so is I, TX A Y, TX, and
so I"is not maximal. Thus TX € I Similarly 7Y € I". Hence

IXanYel'sTIXeTl'andTYE T

Similarly we may show

FXvYeETlr=FX&€Tl'and FYET,
IXvYeEl'=s>TXETorTYET,
FXNnYeET'=FXETlorFYET,
T~XeETl'=FX€ET,
IX—=Yel'=sFXETorTYET,

T(Vx)X(x) € I'= TX(a) € I for every a € AT),
F@x)X(x) € I'= FX(a) € I for every a € AI).

Moreover
T(3Ax)X(x) € I'= TX(a) € I for some a € AI),

since I'is good with respect to P,. ©
Suppose F~X € I'. Since I'is consistent, I', TX is consistent. Extend it to a set A
which is good with respect to P,+; Then AT) CAA)and ITC A, so 'RAand TXE T.
Similarly, if FX =Y € I, there is a A € G'e such that 'RA, TX € Aand FY EA.
Finally, if F(Vx)X(x) € I, since a,""" does not occur in I, Iy, FX(al"H) is consistent.
Extend it to a set A which is good with respect to P,.;. Again I'RA and FX(a,""") € A
for ;""" € RA),
Thus G'is a Hintikka collection.

To complete the proof, suppose X is not provable. Then {FX} is consistent. Since it
has only finitely many parameters, they must all lie in some P,. Extend {FX} to a set I"

good with respect to P,. Then I'€ G and FX € I'. This establishes completeness.

Remark 6.5: The model resulting from this Hintikka collection is a "universal" model
in that it is a counter-model for every non-theorem. This is not the case for the model of

§ 5.
We will show later that, in a sense, this Hintikka collection is the analog of a
classical truth set.

§ 7. An axiom system, .7,

The following system was chosen to give a fairly quick completeness proof. It is very
close to the system of [10] p. 82.

Axiom schemas:

1.X— (Y —=X),

22X =N ((X—=F—=2)—>X—=2),
3(X =D A(Y—=2)—=(XVvY)—2),
4.(XAY)— X,



5. XnY) =Y,
6.X— (Y= (XA Y)),
7.X—=(XVY),
8.V —=(XVY),
9.(X A ~X) — Y,
10. (X = ~X) = ~X,
11. X(a) = (Ax)X(x),
12. (VX)X(x) = X(a). *
Rules:
13. X(a) = Y
AnX(x) = Y,
14. Y = X(a)
Y = (Vx)X(x),
15X, X—=Y

Y.

In rules 13 and 14 the parameter a must not occur in Y. In a deduction from premises
the parameter @ must not occur in the premises either. We use the usual notation, if X
can be deduced from a finite subset of S, we write S —X. We use |—X for & |—X. In

the next three sections we establish the correctness and completeness of 4;. We

introduce a second system .4, equivalent to .4, to aid in showing correctness. For use
in showing completeness we need the following three lemmas:

Lemma 7.1: The deduction theorem holds for 4;.
Proof: The standard one (e.g. [10] §§ 21, 22).

Lemmal12:—WAN)=X,[—(WAZ)—=X,—W—=(YV 2)

—w—-X
Proof:
D).(WAY)y—=X by hypothesis, theorem,
2).(WAZ)—X by hypothesis, theorem,
B3).W—=(Yv2Z by hypothesis, theorem,
. w premise,
5).Yvz by (3), (4), rule 15,
©6).W—=(Y—=WnrY) axiom 6,
ND.Y—=WAY) by (4), (6), rule 15,
8). W—(Z— (WA Z) axiom O,
9).Z—=(Wnh2Z by (4), (8), rule 15,
(10). Y= X via (1), (7),
1ny.Zz—-x via (2), (9),
(12).YvZ)—=X via (10, (11), axiom 3,
(13). X by (5), (12), rule 15,



4. w—-Xx deduction theorem cancelling premise (4). ©

Lemma 7.3: If a does not occur in W, Y(x) or X,

— (W A Y(@)) = X, = W — (@) X(x)

—Ww-—=X

Proof:

). (WA Ya)—X by hypothesis, theorems,
2). W— (In)Y(x) by hypothesis, theorems,
3).w premise,

4. A1 (x) by (2), (3), rule 15,

(5). W— (Y(a)—=(W A Y(a))) axiom 6,

(6). Y(a) = (W A Y(a)) by (3), (5), rule 15,

7). Y(a) = X via (1), (6),

®). @AY (x) = X by (7), rule 13,

9).X by (4), (8), rule 15,

(10). W —=X deduction theorem cancelling premise (3).

§ 8. A second axiom system, 4,

We introduce a second, very similar, axiom system, and prove equivalence.
4, has the same axioms as .4, as well as rules 13 and 14. It does not
have rule 15. Instead it has rules

14a. X(a)
(Vx)X(x)

15a. (Vx)) ... (Vx)X, (3x)) ... @)X — Y

Y

provided all parameters of (Vx)) ... (Vx,)X are also in Y (» may be 0).

To show the two systems are equivalent, it suffices to show 14a and
15a are derived rules of 4, and 15 is a derived rule of A42.

To show 14a is a derived rule of A, suppose in A4; we have X(a).

Let 7 be any theorem of 4, with no parameters. By axiom 1, X(a) — (T — X(a)), so
by rule 15, T — X(a). Since a is not in 7, by rule 14, T(Vx)X(x). But also 7, so by rule
15, (Vx)X(x).

To show 15a is a derived rule of A4, suppose in 4, we have (Vx)) ... (Vx,)X(xy, ...,
x,) and (Axy) ... @Ax,)X(x1, ..., x,) — Y, and all & parameters of (Vx) ... (Vx,)X(xy, ...,
x,) are in Y. From (Vx)) ... (Vx,)X(xy, ... , x,), by axiom 12, X(a, ..., a,). From axiom
11, X(ay, ..., ay) = (Ax)) ... Ax,)X(xy, ..., x,), so by rule 15, (3x)) ... (D) X(x1, ..., X2)
and by rule 15 again, Y.

Finally to show rule 15 is a derived rule of 4, suppose we have X and X — Yin 4.
Let ay, ay, ..., a, be those parameters of X not in Y. Since we have X(ay, ..., a,), by rule
14a, (Vx)) ... (Vx,)X(x1, ... , x,). Similarly, since X(a, ..., a,) = Yand ay, ..., a, do not
occur in Y, by rule 13, (3x)) ... (3x,)X(x1, ..., x,) = Y. Now by rule 16a, Y.



Thus .4, and d 4, are equivalent. For use in the next section we state the
straightforward

Lemma 8.1: If in 4, we can prove X(a), there is a proof of the same length of X(b)
for any parameter b. (note: a does not occur in X(b) = X(a)(“y)).

9. Correctness of the system A,

Theorem 9.1: If X is provable in 4, X is valid.

Proof: By induction on the length of the proof for X. If the proof is of length 1, X is
an axiom and we leave the reader to show validity of the axioms.

Suppose the result is known for all formulas with proofs of length less than » steps,
and X is provable in n steps. We investigate the steps involved in the proof of X.
Axioms have been treated.

Suppose X(a) — Yin rule 13 is provable in less than # steps where a is not in Y. Then
X(a) — Yis valid. Then (3x)X(x) — Y is provable. We wish to show it is valid. Take
any model <G, R, |=, 72 and any I'E€ G'and suppose ((Ix)X(x) = Y) € AT). Suppose
I'* |= (Ax)X(x). Then I * |= X(b) for some b. But X(a) —Y is provable, so by lemma 8.1
(X(a) = Y)(“y) is provable with a proof of the same length, hence by hypothesis, valid.
Since a is not in Y, this is X(b) — Y. By validity, I'’* |= X(b) — Y, hence I'** |= Y. Thus I"
|- @0X() — ¥.

Rules 14 and 14a are similar.

Rule 15a: Suppose (Vx1)... (Vx,)X and (Ixy)... (3x,)X — Y are both provable and
valid. Then Y is provable. We wish to show Y is valid. Let <G, &, |=, 7> be any model
and I'€ G, Suppose Y € AT). Then ¥ (Vx)) ... (Vx,)X and 3xy) ... (Ix,)X — Y are
both in AT), and since they are valid, I'|= (Vx)) ... (Vx,)X and I'|= (3x)) ... (QAx)X —
Y. By the latter, either I'=| (3x)) ... @x,)X or '|= Y. If I'=| (3xy) ... (Ax,)X, for any aj,
..o, an € RD), I'=| X(ay, ..., ay) contradicting I'|= (Vx1)... (Vx,)X. Hence I'|= Y.

§ 10. Completeness of the system 7,

The following Henkin type proof was discovered independently by Thomason [21],
Aczel [1], and the author.

We work in the system A4;. Let I'be a set of unsigned formulas and P a collection of
parameters. Suppose all the parameters of I"are among those in P.

Definition 10.1: By the deductive completion of I with respect to P we mean the
smallest set of formulas A involving only parameters of P such that for any X over P

r—Xx=X€A
We call I deductively complete with respect to P if it is its own deductive completion
with respect to P.
We say I has the Or-property if
XvYeElrs>X&rlorYET.

We say I' has the 3-property if, for some parameter a,



@Ax)X(x) EIr'= X(a)E .

We call F nice with respect to P if

(1). I''is deductively complete with respect to P,
(2). I'has the Or-property,

(3). I' has the 3-property,

(4). I'is consistent.

Remark 10.2: Consistency here has its usual meaning.

Lemma 10.3: Let I'be a set of formulas and X a single formula. Let P be the set of
all parameters of I'or X. Let {ay, a,, as, ...} be a countable 88 collection of distinct
parameters not in P, and let @ = P U {ay, a, as, ... }. If I" —| X, then I can be extended
to a set A which is nice with respect to Q such that X & A.

Proof: Let Z,, Z5, Z, ... be an enumeration of all formulas with parameters from Q of
the form Y v Z or (3x) ¥Y(x).

Since I'—| X, I'is consistent. We define a sequence {I,} as follows:

Let I be the deductive completion of I"with respect to P. Then I is consistent and
Iy — X. Suppose we have defined I, so that I, is deductively complete with respect to
PU {ay, a, .., a,} and I,—| X. Let A, =T,

Suppose we have defined A’ (7 <n) so that it is consistent and A/ —| X.

Let 4,/ = A,/ if

(1) Z & A7, or

() ZEA,/,Z=YvZand YE A, or ZE A/, or

(2b) Z, € A/, Z;= (A Y(x) and Y(a) € A, for some a.

This leaves the two key cases:

(3). Suppose Z; € A, and Z;is Y v Zbut Y& A,,j, Z & A,’. We claim we can add one
of Yor Zto A, so that the result still does not yield X. For otherwise

ALY — X
ALZ— X
A F—YvZ

(since Yv Z€E A,/). But then by lemma 7.2 A,/ \— X, a contradiction. So add to A,’ one
of Y or Z so that the result does not yield X. Call the result 4,”"".

(4). Suppose Z; € A,’ and Z;is (Ax)Y(x), but Y(a) & A,’ for any a. Take the first
unused a; of {ay, a, ... }. We claim we can add Y(a;) to A,’ and the result will not yield
X. This is as above but by lemma 7.3. Thus 4,”, Y(a))—] X. Let A,”" be A,/, ¥(a,).

Thus in any case A,,-"+1 is consistent and X & A, M Let I+ be the deductive
completion of A", with respect to P U {ay, aa, ..., ax} where ay is the last parameter used
in A,". Let A= UT,, then A has the following properties:

A uses exactly the parameters of Q.

X &A since X & T, for any n.

A is deductively complete with respect to Q.

A has the Or-property. Forif Y v ZE€ A say Y v Z=Z,, then Y v Z € A,, for some m.
We can take m>n. Then Yv Z=Z, €A,,", so either Y or Zis in 4, C A.

Similarly, A has the 3-property. &

Lemma 10.4: If I'is nice with respect to P:

Commento:



(. XanYETlINssXETland YE T,

). XvYelrsXerlorY€ET,
B).~XETr= X¢T,
4.X—=YETsX¢&TorYET,

(5). @x)X(x) € I' © X(a) € I for some a € P,
(6). (Vx)X(x) € I'= X(a) € I for every a € P.

Proof: (1). By axioms 4, 5 and 6, since I"is deductively complete with respect to P.

2).XvYerI=Xe&TIor YET, s ince I has the Or-property. The converse holds
by axioms 7 and 8.

(3). If ~X € I, X & T, since I is consistent (using axiom 9).

(4).If X — YE T, either X & I'or Y € I'since I'is deductively complete with respect
to P.

(5). If @x)X(x) € I', X(a) € I for some a € P since I has the I-property. The
converse is by axiom 11.

(6). By axiom 12.

Lemma 10.5: Suppose I'is nice with respect to P and {a1, az, as...} is a set of distinct
parameters not in P. Let @ = P U {ai, a», as ... }. Then

(1). If X has all its parameters in P but ~X & I, I can be extended to a set A nice with
respect to @ such that X € A.

(2). If X — Y has all its parameters in P but X— Y & I, I can be extended to a set A
nice with respect to @ such that X € Aand Y & A.

(3). If X(x) has all its parameters in P but (Vx)X(x) & I, I can be extended to a set A
nice with respect to @ such that for some a € Q, X(a) & A.

Proof:

(1). Since ~X & I, {I, X} is consistent, for otherwise I', X F—~X. So by the
deduction theorem I'|—X— ~X and by axiom 10 I"}|— ~X, so ~X € I". Since {FX} is
consistent, there is some Y such that I, X —1 Y. Now use lemma 10.3.

(2). I, X—] Y for otherwise, by the deduction theorem I'—X =Y, soX = YE I"
Since I, X—] ¥, use lemma 10.3.

(3). a1 & P. We claim I'—| X(a;). Suppose I'— X(a;). For the conjunction, call it
W, of some finite subset of I', — W — X(a;). F W X(al). But a; does not " oceur in W.
By rule 14 |— W — (V) X(x), so I'— (Vx)X(x), (Vx)X(x) € I. Since I'—| X(a1), use
lemma 10.3.

Now we proceed to show completeness. We arrange the parameters as follows:

. 1 1 1
S1~ a ,d,az, ...
Szf ay,ay,ay, ...
S3.' ay,dy,asz, ...

and let P,=S; U S, U ... US,. Let Gbe the collection of all nice sets with respect to
any P;. If ' € G, I'is nice with respect to, say, P,. Let AI) = P,. Let TRA if A C
AA) and I'C A. For any X, let I'|= Xiff X € I By lemmas 10.4 and 10.5 <G, R, |-,
2> is a model.



Finally, suppose — X. All the parameters are in, say, P,. Since & —] X, by lemma
10.3 we can extend & to a set I, nice with respect to P, such that X& I'. Thus '€ G, X

€ ADand I'=| X.
Remark 10.6: This is a "universal" model in the sense of § 6.

In ch. 6 § 4 we will show that the set of all theorems using only parameters of P, is
itself a nice set with respect to P,. This would make the final use of lemma 10.3 above

71
unnecessary.



CHAPTER 6

ADDITIONAL FIRST ORDER RESULTS

§ 1. Compactness

We call an infinite set S of signed formulas realizable if there is a model <G, &, |:, e
and a I'€ G'such that for any formula X

TXES=X € Z(Iand I'|-X,
FXES=X € P(I)and I'=| X.

There is a similar concept for sets of unsigned formulas U. We say U is satisfiable if
there is amodel <G, R, |=, 72 and a I'€ G'such that for any formula X

XeU=X €€ P([Dand = X.

Lemma 1.1: Let U be a set of unsigned formulas and define a set S of signed formulas to
be {TX| X € U}. Then

(1). U s satisfiable if and only if S is realizable,

(2). U is consistent if and only if S is consistent.

Proof: Part (1) is obvious. To show part (2), suppose U is not consistent. Then some

finite subset {uy, ..., u,} is not consistent, so from it we can deduce any formula. Let 4 be
an atomic formula having no predicate symbols or parameters in common with {uy, ..., u,}.
Then

1A nw)—> 4.7
Hence there is a closed tableau for

{F(uy A ... A u,) —> A},
so there is a closed tableau for
{T(uy A ... N uy), FA}.
By the way we have chosen 4, there must be a closed tableau for {7(u; A ... A u,)} and
hence for {Tuy, ..., Tu,}. Thus S is not consistent.

The converse is trivial.

Because we have this lemma, we will only discuss realizability and consistency of sets
of signed formulas.

Lemma 1.2: Let S be a set of signed formulas. If § is realizable, § is consistent.



Proof: If S is not consistent, some finite subset @ is not consistent. That is, there is a
closed tableau (i, G, ..., (, in which (] is {Q}. If Q were realizable, by theorem 5.2.7
every (jwould be, but a closed configuration is not realizable.

Lemma 1.3: Let S be a finite set of signed formulas. If S is consistent, S is realizable.
Proof: Let S be{TX, ..., TX,, FY\,..., FY,,}.
S is consistent if and only if

{FXin...nX) =X v...v Yy}

is consistent. If this is consistent, (X; A ... A X)) = (¥} v ... v V},) is a non-theorem, so by
the completeness theorem, there is a model <G, R, |=, 72> anda I'E G'such that X; € 7
(D, Y,€ (D) and

F=| (Xl AL /\)(,,)—>(Y1 V..V Ym)
But then for some I

Csl=X A AX), TF=| (Y, v..VvY),

m

so I'* realizes S.

This method does not work if §' is infinite, but the lemma remains true, at least for sets
with no parameters. The result can be extended to sets with some parameters, but we will
not do so. "

Lemma 1.4: Let S be an infinite set of signed formulas with no parameters. If S is
consistent, S is realizable.

Proof: The proof can be based on either of the two tableau completeness proofs.

If we use the first proof, that of ch. 5 § 5, change step 0 to: “S is consistent. Extend it to
a Hintikka element with respect to 3. Call the result I7”. Continue the proof as written.
The lemma is then obvious.

If we use the proof of ch. 5 § 6 the result is even easier. S is consistent, so by lemma
5.6.4, we can extend S to a set I"which is good with respect to P;. The result follows
immediately.

Theorem 1.5: If § is any set of signed formulas with no parameters, S is consistent if
and only if S is realizable.

Corollary 1.6: If every finite subset of S is realizable, so is S.

Corollary 1.7: If U is any set of unsigned formulas with no parameters, U is consistent if
and only if U is satisfiable.



Remarfk 1.8: The last corollary could have been established directly by adapting the
completeness proof of ch. 5 § 10.

Definition 1.9: For a set of formulas U, by I'|= U we mean I'|= X for all XE U.

Corollary 1.10 (strong completeness): Let U be any set of unsigned formulas with no
parameters. Then U — X if and only if in any model <G, &, |=, 7>, forany I'€ G, if I'|=
UTEX

Proof: Ul— X if and only if {TY| Y€ U} U {FX} is inconsistent.

Corollary 1.11: (cut elimination, Gentzen's Hauptsatz): If .S is a set of signed formulas
with no constants and {S, 7X} and {S, FX} are inconsistent, so is {S}.

Remark 1.12: This may be extended to sets § with some parameters. To be precise, to
any set S which leaves unused a countable collection of parameters. It follows that in the
completeness proof of ch. 5 § 6 a set 4 maximal consistent with respect to P actually
contains TX or FX for each X with parameters from P. 7

§ 2. Concerning the excluded middle law

If S is a set of unsigned formulas, by § F— ¢ X and S — X we mean classical and
intuitionistic derivability respectively.

Let X(ay, ..., ay) be a formula having exactly the parameters ¢, ..., a,. By the closure of
X we mean the formula

(Vi) - (VXi) X (Xi1ys -5 Xign))

(where x5 does not occur in X(a, ..., ).
Let M be the collection of the closures of all formulas of the form X v ~ X. We wish to
show:

Theorem 2.1: If X has no parameters,
|— C XM ‘— 1 X.
We first show:

Lemma 2.2: Let <G, R, |=, > be amodel, 'E G, and suppose Y M = I'|= Y. Then I
can be included in a complete ZR-chain C such that (”is a truth set (see ch. 4 § 6).

Proof: Enumerate all formulas beginning with a universal quantifier: X, X, X5, ...

Let I, = I'. Having defined I, consider X,+. If X,y & 2 (I*) for any I,*, let I}, =
T,.. Otherwise there is some I,* such that X,.; € Z(I*). Say X,.+1 is (Vx)X(x). We have
two cases:

(1). If T, * |= (Vx)X(x), let Ty = T,*.

(2). If I,* =| (¥x)X(x), there is a I}, ** and an a € Z(T,,**) such that I},**=| X(c). Let
I+ be this I;,**.



Let the R-chain Cbe {Iy, I, I3, ... }.Since YEM=T|=Yand I'=T;, Cisa
complete Z-chain by the definition of M, and so (is an almost truth set. Thus we have
only one more fact to show:

Y(@) € C’for every parameter of ("= (Vx)Y(x) € C’

Suppose (VX)Y(x, a1, ..., o) & C’(where a,..., @, are all the parameters of Y). If some
@ is not a parameter of C ” we are done. So suppose each ¢; occurs in ’ Then for some I,
€ Gall ;€ AL and I, =| (VX)Y(x, @i, ..., ). But by the construction of (; there is a
T, (m = n) such that I, =| Y(b, au, ..., &,) for some b € AT,,). But

L= (Yx) ... (Vx,) (V) [Y(x, X1, ooy X)) V=~ Y, X1, s X))
and I'’RTl,,, so

L, =Y, o, ..., o) v ~Y(b, s ..., @)

thus I, |=~Y(b, at, ..., &,). ~Y(b, a, ..., &) € C, 50 Y(b, c, ..., &) & C for a parameter
bof C!

Now to prove the theorem itself:
If M |—1 X then for some finite subset { my, ..., m,} of M

F— m A ...am)—X.
By theorem 4.8.2 (and the completeness theorems)
|_C (m1 Ao A m,,) — X.

But |—c (m; A ... A m,), hence |—c X.
Conversely, if M—] 1 X, let S be the set of signed formulas

{FX} U {TY|YE M]}.

Since M— | X, S is consistent. Then by the results of the last section, S is realizable. Thus
there is amodel <G, R, |=, Z>anda I'E Gsuchthat YEM = T'|=Y,XE () and I'
— X. But X has no parameters, so X v ~X € M. Thus I'|= X v ~X, so I'|= ~X. Now by
lemma 2.2 there is a truth set containing ~X. Hence —| cX.

§ 3. Skolem-Léwenheim

By the domain of a model <G, R, |=, 72 we mean U [EQT(I“)‘ So far we have only
considered models in which the domain was at most countable. Suppose now we have an
uncountable number of parameters and we change the definitions of formula, model and
validity accordingly, but not the definition of proof.

Theorem 3.1: X is valid in all models if and only if X is valid in all models with
countable domains.



Proof. One half is trivial.

Suppose there is a model <G, &, |=, 22 with an uncountable domain in which X is not
valid. The correctness proof of ch. 5 § 2 or 9 is still applicable. Thus X is not provable.
Since X is not provable, if we reduce the collection of parameters to a countable number
(including those of X), X still will not be provable. Then any of the completeness proofs
will furnish a counter-model for X with a countable domain. ®

This method may be combined with that of § 1 to show

Theorem 3.2: If S is any countable set of signed formulas with no parameters, S is
consistent if and only if § is realizable in a model with a countable domain.

Theorem 3.3: If U is any countable set of unsigned formulas with no parameters, U is
consistent if and only if U is satisfiable in a model with a countable domain.

Remark 3.4: In part 11, we will be using models with domains of arbitrarily high
cardinality.

§ 4. Kleene tableaus

The system of this section is based on the intuitionistic system G3 of [10]. The
modifications are due to Smullyan. The resulting system is like that of Beth except that sets
of signed formulas never contain more than one F-signed formula. Explicitely, everything
isasitwasinch. 2 §iand ch. 5 § 1 except that the reduction rules are replaced by the
following, where S is a set of signed formulas with at most one F-signed formula.

S, TXAY) S, FXXAY)
KTA: ——— KFA: @ ————
S, TX, TY S, FX
ST’ F(X A Y)
S, FY
S, T(X v Y) St, F(X v Y)
KTv: ——MM KFv: ——mMmM—
S, TX|S, TY S, FX, FY
S, T(~X) Sy, F(~X)
KT~ —————— KF~: ————
S, FX S, TX
S, TX—Y) Sr, F(X—Y)
KT—; ———— KF—>: ————
S, FX | S, TY S, TX, FY
S, T(3Ax)X(x) Sy, FA(0)X(x)
KT3: ————— KF3: ——

S, TX(a) Sr, FX(a)



S, T(Vx)X(a) Sr, F(Vx)X(a)
KTV: — KFY: —
S, TX(a) S, FX(a)

where in K73 and KFV the parameter a does not occur in S or X(x). "’

There are several ways of showing this is actually a proof system for intuitionistic logic.
We choose to show it is directly equivalent to the Beth tableau system, that is, we give a
proof translation procedure.

We leave it to the reader to show the almost obvious fact that anything provable by
Kleene tableaus is provable by Beth tableaus. To show the converse, we need

Lemma 4.1: If a Beth tableau for {TX, ..., TX,, FY\, ..., FY,} closes, then there is a
closed Kleene tableau for

(TX1, ooy TXy, FOY1V oV V)b

Proof: The proof is by induction on the length of the closed Beth tableau. If the tableau
is of length 1, the result is obvious. Now suppose we know the result for all closed Beth
tableaus of length less than 7, and a closed tableau for the set in question is of length n. We
have several cases depending on the first step of the tableau.

If the first step is an application of rule A, the Beth tableau begins

{{Sr, FXy, ..., FX,, FY A Z}},
{4St, FXy, ..., FX,,, FY}} . {{St, X\, ..., FX,, FZ}},

and proceeds to closure. Now by the induction hypothesis there are closed Kleene tableaus
for{{Sr, FCXi v ...vX,vY)}},and {{Sy, F(XiVv ... vX,Vv Y)}}. We have two
possibilities:

(1). If Yis not “used” in the first tableau, or if Z is not “used” in the second tableau, a
Kleene tableau beginning

{48, FX1 v ... v X, v (Y A2))},
{{ST, FXiv...vX)}},

must close.
(2). If both Y and Z are “used”, a Kleene tableau beginning

{48, FX1 v ...v X, v (Y A2))},

{(Sr. F(Y A 2},
(1Sr, FY}}, ({Sr, FZ)),

must close.
The other cases are similar and are left to the reader. 7



Thus the two tableau systems are equivalent. Now we verify a remark made at the end of
eh. 5§ 10.

Lemma 4.2: (Godel, McKinsey and Tarski): F—; X v Yiff —; Xor |—; Y.
Proof: Immediate from the Kleene tableau formulation.

Lemma 4.3: (Rasiowa and Sikorski): If |—1 @) X(x, ai, ..., a,) where ay, ..., a, are all
the parameters of X, then |— 1 X(b, ay, ..., a,) where b is one of the ;. If X has no
parameters, b is arbitrary and |— (Vx)X(x).

Proof: A Kleene tableau proof of (Ix)X(x, a4, ..., a,) begins

{H{F@A0)X(x, ay, ..., an)}},
{HFX(D, ay, ..., an)}}

and proceeds to closure. If b is some a;, we are done. If not, we actually have a proof,
except for a different first line, of

(V) X(x, ay, ..., ay).
§ 5. Craig interpolation lemma

Theorem 5.1: If —; X — Y and X and Y have a predicate symbol in common, then there
is a formula Z involving only predicates and parameters common to X and Y such that |—;
X — Zand |—1Z —Y; if Xand Y have no common predicates, either —; ~X or |—1 Y.

The classical version of this theorem was first proved by Craig, hence the name. The
intuitionistic version is due to Schiitte [17]. Essentially the same proof was given for a
natural deduction system by Prawitz [15]. We give basically the same proof in the Kleene
tableau system. For another proof in this system see [11].

We find it convenient to temporarily introduce two symbols 7 and f'into our collection of
logical symbols, letting them be atomic formulas, and letting them combine according to
the following rules.

Xvi=tvX=t,
Xvf=fvX=X
Xat=tn X=X,
Xnf=fnrX=f,
~t:f,~f:l,79
X—=t=f—=X=t,
t—=X=X X—f=-X
@x)t=(Vx)t=t,
@x)f = (Vx)f=.

By a block we mean a finite set of signed formulas containing at most one F-signed
formula. When we call a block inconsistent, we mean there is a closed Kleene tableau for it.
By an initial part of a block we mean any subset of the 7-signed formulas. We make the
convention that if S is the finite set of unsigned formulas {Xj, ..., X,} then TS is the set



{TX\, ..., TX,}. We further make the convention that for a set S of formulas, $; and S,
represent subsets such that.$; NS, = and S; U §,=S. By [S] we mean the set of
predicates and parameters of formulas of S, together with ¢ and f.

Now we define an interpolation formula X for the block {71, F'Y} (where § is a set of
unsigned formulas and Y is a formula) with respect to the initial part 7.S;, which we denote
by {78, FY}/{TS,}, as follows (X may be ¢ or f, but we assume ¢ and f are not part of S or
Y): Xisan {TS, FY}/{TS} if

(. [XIC[S11N[S2, 1],

(2). {TS, FX} is inconsistent,

(3). {TX, T8>, F'Y} is inconsistent

(we have temporarily added to the closure rules: closure of a set of signed formulas if it
contains 7f or F¥).

Lemma 5.2: An inconsistent block has an interpolation formula with respect to every
initial part.

Proof: We show this by induction on the length of the closed tableau for the block. If
this is of length 1, the block must be of the form

(TS, TX, FX}.

We have two cases:

Case (1). The initial part is {7}, 7X}. Then X is an interpolation formula.

Case (2). The initial part is {7S,}. Then {7IS,, TX, FX} is inconsistent and ¢ is an
interpolation formula.

Now suppose we have an inconsistent block, and the result is known for all inconsistent
blocks with shorter closed tableaus. We have several cases depending on the first reduction
rule used. %

KT v: The block is {TS, TX v Y, FZ}, and {TS, TX, FZ} and {TS, TY, FZ} are both
inconsistent.

Case (1). The initial part is {787, TX v Y}. Then by the induction hypothesis there are
formulas U, and U, such that

U, is an{TS, TX, FZ}/{TS1, TX},
U is an {TS, TX, FZ}/{TS1, TY}.

Then Uy v Uy isan {18, TX v Y, FZ)/{TS,, TX v Y}.
Case (2). The initial part is {75)}. Again, by hypothesis, there are U;, U, such that

Uy is an {TS, TX, FZ}/{TS1},
U, is an {TS, TY, FZ}/{TS)}.

Then U, v Uy is an {TS, TX v Y, FZ}/{TS1}.
KFv: The block is {TS, FX v Y}, and {TS, FX} or {TS, FY} is inconsistent. Suppose the
first. Let the initial part be {7S,}. By hypothesis there is a U such that

Uis an {TS, FX}/{TS,}.



Then U'is an {TS, FX v Y}/{TS}.
KTnA: The block is {TS, TX A Y, FZ}, and {TS, TX, TY, FZ} is inconsistent.
Case (1). The initial part is {7}, 7X A Y}. By hypothesis there is a U such that

Uis an {TS, TX, TY, FZ}/{TS,, TX, TY}.

Then Uis an {TS, TX A Y, FZ}/{TS|, TX A Y}.
Case (2). The initial part is {7} }. By hypothesis there is a U such that

Uis an {TS, TX, TY, FZ}/{TS}.

Then Uis an {TS, TX A Y, FZ}/{TS1}.
KFA: The block is {TS, FX A Y}, and {TS, FX} and {TS, FY} are both inconsistent.
Suppose the initial part is {75, }. By hypothesis there are U,, U, such that

U, is an {TS, FX}/{TS,},
U, is an {TS, FY}/{TS;}.

Then U; A Uy is an {TS, FX A Y}/{TS;}. !
KF~: The block is {TS, F~X}, and {TS, TX} is inconsistent. Suppose the initial part is
{TS}. By hypothesis there is a U such that
Uis an {TS, TX}/{TS;}.
Then Uis an {TS, F~X)/{TS:}.
KT~: The block is {TS, T~X, FY}, and {TS, FX} is inconsistent.
Case (1). The initial part is {TS,}. By hypothesis there is a U such that
Uisan (TS, FX}/{TS1)

Then U is an {TS, T"X, FY)/{TS1}.
Case (2). The initial part is {7}, 7-X}. By hypothesis there is a U such that

Uis an {TS, FX}/{TS2}.
We claim that

~Uis an {TS, T~ X, FY}/{TS,}.
First we verify its predicates and parameters are correct. By hypothesis [U] C [S2] N [Sy,
X], so immediately [~U] C [S;, ~X] N [S2, Y]. We have the following two blocks are

inconsistent:

(1S,, FU},
(TS\,TU, FX}.

It follows that the following two blocks are also inconsistent:



{18, 7-X, F~U},
(TS,, T~U, FY},

and we are done.
KF—: The block is {TS, FX — Y}, and {TS, TX, FY} is inconsistent. Suppose the initial
part is {78 }. By hypothesis there is a U such that

Uis an {TS, TX, FY}/{TS:}.

Then Uis an {TS, FX — Y}/{TS,}.

KT—: The block is {TS, TX — Y, FZ}, and {TS, FX} and {TS, TY, FZ} are both
inconsistent.

Case (1). The initial part is {75} }. By hypothesis there are U, U, such that

U, is an {TS, FX}/{TS},
U, is an {TS, TY, FZ)/{TS,},

Then Uy A Uy is an {TS, TX — Y, FZ}/{TS,}.
Case (2). The initial part is {75}, 7X — Y}. By hypothesis there are U,, U, such that

U, is an {TS, FX}/{TS>},
Uyisan {TS, TY, FZ}/{TS,, TY}.

We claim U; — U, is an {TS, TX — Y, FZ}/{TS,, TX — Y}.
By hypothesis

[Ui] C[S2] NS, A,
[U2] C [Sy, Y] N [S,, 7],
SO
[U[ — Uz] - [SI,X_> Y] N [SZ, Z]

We have that the following four blocks are inconsistent:

(1). {TS,, FUL},
Q). {TU,, TS, FX},
(). {TS,, TY, FUs},
@). {TU,, TS,, FZ},

and we must show the following two blocks are inconsistent:

(TS, TX — Y, FU, — U},
{TUl g Uz, TSz,FZ}

The first follows from (2) and (3), and the second from (1) and (4).
KF3: The block is {78, F(Ix)X(x)}, and {TS, FX(a)} is inconsistent.
Suppose the initial part is {7S;}. By hypothesis there is a U such that



Uis an {TS, FX(a)}/{TS}.

Then [U] C [S1] N [S5, X(a)].
Case (1). a &€ [U].

Then U'is an {TS, F(3x)X(x)}/{TS;}
Case (2). a€ [U], a € [S,]

Again U is an {7, F(3x)X(x)}/(TS,}
Case (3). a € [U], a & [S,].

Then (Ix)U(%,) is an

(TS, F(Ax)X(x)}/{TS;}.

KT3: The block is {7, T(Ax)X(x), FZ}, and {TS, TX(a), FZ} is
inconsistent, where a & [S, X(x), Z]. &



Case (1). The initial part is {751, 7(3x)X(x)}. By hypothesis there is a U such that
Uis an {TS, TX(a), FZ}/{TS, TX(a)}.

Then U'is an {TS, T(Ax)X(x), FZ}/{TS1, T(Ix)X(x)}.
Case (2). The initial part is {7iS}}. By hypothesis there is a U such that

Uis an {TS, TX(a), FZ}/{TS;}.

Then Uis an {TS, T(3Ax)X(x), FZ}/{TS1}.
KFV': The block is {TS, F(Vx)X(x)}, and {TS, FX(a)} is inconsistent, where a & [S,
X(x)]. Suppose the initial part is {75, }. By hypothesis there is a U such that

Uis an {TS, FX(a)}/{TS:}.

Then U'is an {S, F(Vx)X(x)}/{TS,}.
KTV': The block is {TS, T(Vx)X(x), FZ}, and {TS, TX(a), FZ} is inconsistent.
Case (1). The initial part is {7iS}, 7(Vx)X(x)}. By hypothesis there is a U such that

Uis an {TS, TX(a), FZ}/{TS,, TX(a)}.

Case (la). a & [U).
Then Uis an

(TS, T(Vx)X(x), FZ}/{TS, T(Vx)X(x)}.

Case (1b). a € [U], a € [S1, X(x)].
Again

Uis an {TS, T(Vx)X(x), FZ}/{TS,, T(Vx)X(x)}.

Case (Ic). a € [U], a & [S1, X(¥)].
Then (Vx)U(%,) is an {TS, T(Vx)X(x), FZ}/{TS\, T(Vx)X(x)}.
Case (2). The initial part is {75, }. By hypothesis there is a U such that

Uis an {TS, TX(a), FZ}/{TS}.

Case (2a). a €[U].

Then U'is an {TS, T(Vx)X(x), FZ}/{TS\}.
Case (2b). a € [U], a & [S2, X(x), Z].
Again Uis an {TS, T(Vx)X(x), FZ}/{TS}.

Case (2¢). a € [U], a & [S, X(x), Z]. ¥

Then @x)U(%) is an {TS, T(Vx)X(x), FZ}/{TS,}.

Now to prove the original theorem 5.1:

Suppose |—1 X — Y. Then {TX, FY} is inconsistent. By the lemma, there is a U such
that U is an {TX, FY}/{TX}. We have three cases:

). U=t
Then since {7¢, FY} is inconsistent, |—1 Y.



2).U=f
Then since {TX, Ff} is inconsistent, {F~X} is also inconsistent (f'is
not in X). Thus —; ~X.

3).U=t,U=f.
Then U is a formula not involving ¢ or f, all the parameters and predicates of U are in X
and Y, and since {TX, FU} and {TU, FY} are both inconsistent, —; X = Uand |—; U
— 7.

§ 6. Models with constant function

In part IT we will be concerned with finding countermodels for formulas with no
universal quantifiers, and we will confine ourselves to models with a constant function.
To justify this restriction, we show in this section

Theorem 6.1: If X is a formula with no universal quantifiers and —|; X, then there
is a counter-model <G, R, |=, 72 for X in which Zis a constant function.

Definition 6.2: For this section only, let @i, a2, as,... be an enumeration of all
parameters. We call a set I of signed formulas a Hintikka element if I"is a Hintikka
element with respect to some initial segment of aj, as, as,... (see ch. 5 § 4).

Lemma 6.3: If S is a finite, consistent set of signed formulas with no universal
quantifiers, § can be extended to a finite Hintikka element.
Proof: Suppose S is the set {Xj, Xa,..., X,,} where each X; is a signed formula. We
define the two sequences {P;}, {O} as follows:
Let
P() = @, Q():Xl, ey )(,,.
Suppose we have defined P, and Q) where

P=Yy, . Yy Q=W WP
and P U Oy (considered as a set) is consistent. To define Py and O+ we have several
cases depending on W:
Case atomic: If W is a signed atomic formula, let
Py =Y, s Yo W1, Q1 = Wy o, W
Case Tv: If W, is TX v Y, either TX or TY is consistent with P, U @y, say TX. Let
P =Y,...Y,, TXV Y, Ow1= W, ... W,, TX.
Case Fv: If Wy is FX v Ythen FX, FY is consistent with P, U Q. Let
Pi=Y, Y FXVY, Q1 =W,y .., W, FX FY.
Cases TA, FA, T~, T— are similar.
Case T3: If Wy is T(Ax)X(x), let a be the first in the sequence ay, as, ... not occurring

in Py or Q. Then 7X(a) is consistent with P, U Q. Let

P =Yy, ., Y, T(A)X(X), Ok = W, Wi, TX(a).



Case FA: If W, is F(Ax)X(x), let {ajq),..., ai } be the set of parameters occurring in Py
U @ such that no FX(a;;) occurs in P, U Q. Then {FX(aiu), ..., FX(ai;)} is consistent
with P, U Q. Let

Py = Py, Qiy = Wa,.., Wy, EX(aiy),..., FX(ai(t), FEAX)X(x).

After finitely many steps there will be no 7-signed formulas left in the Q-sequence
because each rule 7v, Ta, T~, T—, T3 reduces degree, and no rule FA, Fv, F3
introduces new 7-signed formulas.

When no 7-signed formulas are left in the Q-sequence, no new parameters can be
introduced since rule 73 no longer applies. After finitely many more steps we must
reach an unusable Q-sequence. The corresponding P U @Q-sequence is finite, consistent,
and clearly a Hintikka element.

Remark 6.4: The above proof also shows the following which we will need later:

Let R be a finite Hintikka element. Suppose we add (consistently) a finite set of
F-signed formulas to R and extend the result to a finite Hintikka element S by the above
method. Then

Rr=8.%
Since R C S, certainly Ry € S7. That .Sy C Ry. also holds follows by an inspection of the
above proof; no new T-signed formulas will be added.

Now we turn to the proof of the theorem itself. We have no universal quantifiers to
consider, so we may use the definition of associated sets in ch. 2 § 4.

Suppose X is a formula with no universal quantifiers, and =| ; X. Then {FX} is
consistent. Extend it to a finite Hintikka element $°. Let T 1, ..., I,, be the associated
sets of S. Extend each to a finite Hintikka element, s° Lyees S0, respectively. Thus we
have

8%, 8%,..., 8

For each parameter a of some S°; and each formula of the form F(3x)X(x) in 8", adjoin
FX(a) to S° o and extend the result to a Hintikka element § 10. Do the same for S° Lyeees S° "
producing S';...., §', respectively.

Thus we have now

1 ol 1
80,8 1,0, 8

Let 7,1, ..., T, be the associated sets ofSIO, ! Lyees S',. Extend each to a Hintikka
element, .S'O,,+1, s s° n respectively. Thus we have now

SIO; Sll""a Sln, S()nﬂ’ weey SOm
For each parameter a used so far, and for each formula of the form F(Ix)X(x) in § Y
adjoin FX(a) to S 10 and extend the result to a finite Hintikka element S* o. Do the same
for each. Thus we have now

2 2 2 1 1
S O:S JEXERH) S n,S ntls ’S m-

Again take the associated sets, and extend to finite Hintikka elements, producing now



2 2 2 1 1
870, 8% 1000y 8% S i1y e Sy 80ty s SO

Continue in this manner. Let

S():USko
k=0

S]ZUSkl
k=0

By the remark above, for each n,
SnT = SOnT = SlnT =

Thus ifSk,, has as an associated set S, Si,,,, S.7CS,. 87

It now follows that {8y, S|, ... } is a Hintikka collection. For example, suppose F~Y
€ ;. Let k be the least integer such that F~Y € Sk ;.. By the above construction, there is
some set $°, such that S°, is an associated set of S jand TY € S°.. But then $* i & s°,, so
by the above S;7 C S, and TY € S,. The other properties are shown similarly.

Moreover, 2(S,) = Z(S,,) for all m and n, as is easily seen. (Recall that ZAS) is the
collection of all parameters, used inS.) Now as in ch. 5 § 3 there is a model for this
gintikka collection, and this model will have a constant map, so the theorem is shown.
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